Contextualisation, Visualisation et Evaluation en Apprentissage Non Supervisé by Candillier, Laurent
Contextualisation, Visualisation et Evaluation en
Apprentissage Non Supervise´
Laurent Candillier
To cite this version:
Laurent Candillier. Contextualisation, Visualisation et Evaluation en Apprentissage Non Su-
pervise´. Autre [cs.OH]. Universite´ Charles de Gaulle - Lille III, 2006. Franc¸ais. <tel-00617420>
HAL Id: tel-00617420
https://tel.archives-ouvertes.fr/tel-00617420
Submitted on 29 Aug 2011
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de























ﬃ2 	   	
"
 2  32 4 3
"





















6789:;9<=>?@=9?78 A B ?@<=>?@=9?78 :9 CB=><=9?78




2 G 	 HI J KLLM
NOPQ R
SPTU V WXY Z[ \ZX]Q ^[Z_`PaZbc S]PZa \ ]OdeZ[` SPcaZX`[b f g]dd TPb`OP
SPTU V hcP]PX hT_]`Pb ^[Z_`PaZbc X` iTjdZkl[` g]ddTPb`OP
SPTU V g cj Z hZmm`PT[ ^[Z_`PaZbc X` nZmm` o \ ZP`pb`OP X` beka`
q V iT[U V ra]s `mm` t`mmZ`P ^[Z_`PaZbc X` nZmm` o Wu]j Z[]b`OP
q V iT[U V v]sZ`[ tTPP` ^[Z_`PaZbc X` nZmm` o Wu]j Z[]b`OP













   
 






N` bZ`[a bTOb X 	]s TPX 
 P`j `PpZ`P bTOb d]PbZpOmZkP`j `[b v]sZ`[ tTPP` f a][a yOZ p`bb`
beka` [ 	]OP]Zb  ]j ]Za dO a` XcPTOm`P X][a X` s T[[`a pT[XZbZT[a f yOZ ] bTO TOPa cbc bPka
dPca`[b `b ] `[PZpeZ p`a bP]_]Ou X` j ][ZkP` pT[acyO`[b` V
q `PpZ 
 ra]s `mm` t`mmZ`P yOZ ] cl]m`j `[b cbc bPka dPca`[b` bTOb ]O mT[l X` p`bb` beka`
`b ] d `Pj Za m 	`[PZpeZaa`j `[b X` p`a bP]_]Ou f `b 
 gcj Z hZmm`PT[ yOZ ] ]pp`dbc X 	

bP` XZ
P`pb`OP X` j ] beka` `b j 	] ]ppO`ZmmZ X][a aT[ cyOZd ` V q `PpZ ]OaaZ 
 \Tj Z[ZyO` hT[]m` f

OPcmZ`[ n`j ]Qf S]bPZp q]PbQf NT]peZj  Z`eP`[ f SeZmZdd ` SP`Ou `b q ]Pp tTjj]aZ yOZ
j 	T[b cl]m`j `[b ]ZXc 
 ]_][p`P f `b dmOa lc[cP]m`j `[b 




X` m 	O[Z_`PaZbc X` nZmm` o f yOZ PcOaaZb 
 ]mmZ`P s T[[` `[b`[b` `b bP]_]Zm PZlTOP`Ou f `b X][a
m]yO`mm`  	]Z d]aac X`a ][[c`a X` P`pe`Ppe`a bPka `[PZpeZaa][b`a V
N` bZ`[a cl]m`j `[b 
 pZb`P m 	

aaT pZ]bZT[  ]bZT[]m` X` m] g `pe`Ppe` t`pe[ZyO` 

gt 
`b m] aT pZcbc S`PbZ[`[p` yOZ T[b d]PbZpZd c ]O [][p`j `[b X` p`bb` beka` d]P m` sZ]Za X`a
s TOPa`a irvgW V i`a j Tj `[ba d]aaca ]O a`Z[ X` m 	`[bP`dPZa` T[b `Ou ]OaaZ cbc bPka `[PZ
peZaa][ba d TOP j TZ V N` P`j `PpZ` `[ d]PbZpOmZ`P m`a j `jsP`a X` m 	cyOZd ` X` g`pe`Ppe` X`
m] aTpZcbc f wmZ_ Z`P xTOayO`b f

m`u vm`Zape`P f N`][q]Pp  `PZaZb f z`QXZ[] XZ]Q` f x`[ ]
jZ[ g`Q `b z][X`P zTmb][Z V
N` P`j `PpZ` ]OaaZ WXY Z[ \ ZX]Q `b hcP]PX hT_]`Pb yOZ T[b sZ`[ _TOmO ]pp`db`P m]
pe]Pl` X` P]dd TPb`OPa X` p`a bP]_]Ou V n`a P`j ]PyO`a d `PbZ[`[b`a yOZ j 	T[b cbc U]Zb`a
]Z[aZ yO` m 	Tdd TPbO[Zbc yOZ j 	] cbc XT[[c` X 	]j cmZTP`P `[pTP` p`bb` beka` ]dPka m] aTO
b`[][p` T[b cbc f  ` d `[a` `b  	`ad kP` f bPka s c[cyO`a V q `PpZ ]OaaZ 
 WXY Z[ \ ZX]Q X 	]_TZP
dPcaZX`P p` OPQV
W[[  ` bZ`[a cl]m`j `[b 
 P`j `PpZ`P q Zpekm` z`s]l `b i]be`PZ[` tPTbbZ`P yOZ T[b
]OaaZ pT[bPZsOc 
 m 	]_][pc` X` p`a P`pe`Ppe`a f ]Z[aZ yO` m`a XZ cP`[ba P]dd TPb`OPa ][T
[Qj `a X` j `a bP]_]Ou dTOP m`OPa P`j ]PyO`a `b PcUcP`[p`a d `PbZ[`[b`a yOZ j 	T[b d `Pj Za
X 	]_][p`P V
q `PpZ 
 j] U]j Zmm` `b j `a ]j Za d TOP m`OP aTObZ`[ `b m`OP dPca`[p` V
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ddmZp]bZT[a XO pmOab`PZ[l V V V V V V V V V V V V V V V V V V V V V V V V V V o
 V TbZT[a X` aZj Zm]PZbc V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 Vo SPZa` `[ pTjdb` XO pT[b`ub` V V V V V V V V V V V V V V V V V V V V V V V V V 
 V qcbeTX`a X` pmOab`PZ[l V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V 6_]mO]bZT[ X`a PcaOmb]ba V V V V V V V V V V V V V V V V V V V V V V V V V V V o

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imOab`PZ[l eZcP]PpeZyO` V V V V V V V V V V V V V V V V V V V V V V V V V V V V o
o V imOab`PZ[l j`][a V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V o
o Vo imOab`PZ[l ab]bZabZyO` V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
o V imOab`PZ[l abT pe]abZyO` V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
o V imOab`PZ[l s]ac aOP m] X`[aZbc V V V V V V V V V V V V V V V V V V V V V V V V 
o V imOab`PZ[l s]ac aOP m`a lPZmm`a V V V V V V V V V V V V V V V V V V V V V V V V 
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o V imOab`PZ[l eQsPZX` V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
o V

; zOsad]p` pmOab`PZ[l ]ap`[X][b V V V V V V V V V V V V V V V V V V V V V V V V 
o V

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 V

SPca`[b]bZT[ X`a PcaOmb]ba d]P m`a Pklm`a V V V V V V V V V V V V V V V V V V o
 V S]PbZbZT[[`j `[b aOP O[` XZj `[aZT[ V V V V V V V V V V V V V V V V V V V V V 
 Vo 6_]mO`P m 	Z[bcP

b X 	O[` XZ_ZaZT[ V V V V V V V V V V V V V V V V V V V V V V V 
 V

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/
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qTXkm`a dPTs]sZmZab`a V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V Tb]bZT[a V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 

 Vo r[ZbZ]mZa]bZT[ XO jTXkm` V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V wdbZj Za]bZT[ XO jTXkm` V V V V V V V V V V V V V V V V V V V V V V V V V V V o
 V zcm`pbZT[ X 	]bbPZsOba V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V zcm`pbZT[ X` j TXkm` V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V SPca`[b]bZT[ X`a PcaOmb]ba V V V V V V V V V V V V V V V V V V V V V V V V V V ;
 V xZm][ V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V 
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
Wub`[aZT[a ]O aOd `P_Zac V V V V V V V V V V V V V V V V V V V V V V V V V V V 
 V Wub`[aZT[a ]Ou XT[[c`a a`j ZabPOpbOPc`a V V V V V V V V V V V V V V V V V V 
 V V

g`dPca`[b]bZT[ X`a XT pOj `[ba qn V V V V V V V V V V V V V V V V 
 V V imOab`PZ[l X` XT pOj `[ba qn V V V V V V V V V V V V V V V V V V V
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Vo SPca`[b]bZT[ X`a PcaOmb]ba V V V V V V V V V V V V V V V V V V V V V V
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





\T[[c`a ^ir V V V V V V V V V V V V V V V V V V V V V V V V V V V V V


 V V \T[[c`a S`PbZ[`[p` V V V V V V V V V V V V V V V V V V V V V V V V V V


 V Vo \T[[c`a a`j ZabPOpbOPc`a V V V V V V V V V V V V V V V V V V V V V V

o
 Vo xZm][ V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V
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
SPca`[b]bZT[ lc[cP]m` V V V V V V V V V V V V V V V V V V V V V V V V V V V V V

o
 V TO_`mm` j cbeTXTmTlZ` X 	c_]mO]bZT[ V V V V V V V V V V V V V V V V V V V V V


 Vo Wu`jdm` X 	ObZmZa]bZT[ V V V V V V V V V V V V V V V V V V V V V V V V V V V V V

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gcaOmb]ba Z[ ZbZ]Ou V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V


 V ie][l`j `[ba X 	]mlTPZbej `a aOd `P_Zaca V V V V V V V V V V V V V V V V V V V


 Vo ie][l`j `[ba X` j cbeTX` X` pTjsZ[]ZaT[ V V V V V V V V V V V V V V V V V


 V xZm][ V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V
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Vo ST[XcP]bZT[ X 	]bbPZsOba V V V V V V V V V V V V V V V V V V V V V V V

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inr^W V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V


x V V Win^z V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V






V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V


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

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
x Vo V vr\rt V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;

x Vo Vo \wi V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;
x Vo V 

gS V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;o
x Vo V n

i V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;
x Vo V intgWW V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;
x Vo V
δ
pmOab`P V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V V ;
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\`dOZa m] _`[O` X` m 	Z[UTPj ]bZyO` f m 	`[a`jsm` X`a XT[[c`a abTpc`a aTOa UTPj ` [Oj c
PZyO` [` p`aa` X` pPTbP` X` dmOa `[ dmOa P]dZX`j `[b d]PbTOb X][a m` j T[X` V n`a Z[XZ_ ZXOa
j `bb`[b X` dmOa `[ dmOa m`a Z[UTPj ]bZT[a yO 	Zma d TaakX`[b 
 XZad TaZbZT[ X` bTOa _Z] m`
Y`s V \ ` [TjsP`Oa`a `[bP`dPZa`a f `[ d]PbZpOmZ`P m] dmOd]Pb X`a lP][Xa j ]l]aZ[a f PcpTmb`[b
X` dmOa `[ dmOa X 	Z[UTPj ]bZT[a aOP m`OPa pmZ`[ba `b m`OPa pTjdTPb`j `[ba V \ ` [TjsP`Ou
dPTp`aaOa Z[XOabPZ`ma aT[b cl]m`j `[b X` dmOa `[ dmOa pT[bP mca d]P m 	Z[UTPj ]bZyO` V n`a
PcaOmb]ba X 	][]mQa`a j cXZp]m`a aT[b ]OaaZ X` dmOa `[ dmOa PclOmZkP`j `[b pT[a`P_ca d TOP

bP` ][]mQaca V Wb X` [TjsP`Oa`a j `aOP`a ` `pbOc`a O[ d `O d]PbTOb X][a m` j T[X` f
pTjj ` d]P `u`jdm` m`a j `aOP`a j cbcTPTmTlZyO`a f P`jdmZaa`[b ]OaaZ X 	ZjdTPb][b`a s]a`a
X` XT[[c`a [Oj cPZyO`a V

Z[aZ f X` [Ta  TOPa f [T[ a`Om`j `[b m` [TjsP` X` XT[[c`a abT pc`a [Oj cPZyO`j `[b
`ab bPka Zjd TPb][b f j ]Za m` bQd ` X` p`a Z[UTPj ]bZT[a `ab cl]m`j `[b bPka _]PZc V n` Y`s `ab
O[ `u`jdm` bPka dPca`[b ]O TOPX 	eOZ X 	`ad]p` P`lPTOd][b X`a XT[[c`a bPka [TjsP`Oa`a f
XZ_`Pa`a `b _]PZc`a R b`ub`a abPOpbOPca TO [T[ f Zj ]l`a f aT[a f  mj a f `bp V n`a s]a`a X` XT[
[c`a pmZ`[ba f m`a XT[[c`a `ubP]Zb`a X` dPTp`aaOa X` dPTXOpbZT[ f m`a PcaOmb]ba X 	][]mQa`a
j cXZp]m`a TO m`a s]a`a X` XT[[c`a X` j `aOP`a j T[XZ]m`a d `O_`[b `mm`a ]OaaZ pT[b`[ZP
O[ [TjsP` Zjd TPb][b X 	Z[UTPj ]bZT[a ecbcPTlk[`a R XT[[c`a [Oj cPZyO`a f p]bclTPZ`mm`a f
pTOPs `a f `bp V rm `u Zab` Xka mTPa O[ bPka lP][X Z[bcP

b 
 Xc_`mTdd `P X`a b`pe[ZyO`a d `Pj `b
b][b X 	ObZmZa`P ]O j Z`Ou bTOa p`a abT p a X 	Z[UTPj ]bZT[a f ][ X 	`[ `ubP]ZP` O[ j ]uZjOj
X` pT[[]Zaa][p` ObZm` V
zOP m` Y`s f Zm a 	]lZb d]P `u`jdm` X` pTjdP`[XP` ]O j Z`Ou m` pT[b`[O X`a d]l`a Y`s
`b X`a P`yO

b`a ObZmZa]b`OPa ][ X` UTOP[ZP 
 p`a X`P[Z`Pa m 	Z[UTPj ]bZT[ pZsmc` m] dmOa
d `PbZ[`[b` d TaaZs m` `b X` m] j ][ZkP` m] dmOa pTjdPce`[aZs m` d TaaZs m` V \][a m` p]a X`
s]a`a X` XT[[c`a pmZ`[ba f Zm d `Ob a 	]lZP X` pTjdP`[XP` ]O j Z`Ou m`a pTjd TPb`j `[ba X`a
pmZ`[ba ][ X` m`OP U]pZmZb`P m 	]ppka ]Ou dPTXOZba yOZ m`a Z[bcP`aa`[b V O][b ]Ou XT[[c`a
ZaaO`a X` dPT p`aaOa X` dPTXOpbZT[ f Zm `u Zab` O[ lP][X Z[bcP

b 
 `[ `ubP]ZP` O[ j ]uZjOj
X` pT[[]Zaa][p`a ][ X 	`[ XcXOZP` X`a s T[[`a dP]bZyO`a d TOP TdbZj Za`P m] dPTXOpbZT[ V






 jZ`Ou Xcb`pb`P m`a d]bZ`[ba 
 PZayO` d TOP p`Pb]Z[`a j ]m]XZ`a f d `Pj `bb][b ]Z[aZ X`
dPc_`[ZP dmObb yO` X` lOcPZP V \][a m` p]a X`a XT[[c`a j cbcTPTmTlZyO`a f m`OP ][]mQa`
d `Ob ]ZX`P 
 jZ`Ou pTjdP`[XP` m`a dec[Tj k[`a lc[cP]Ou yOZ PclZaa`[b m` pmZj ]b f ][ f
d]P `u`jdm` f X 	][bZpZd `P m`a dec[Tj k[`a `ubP

j`a `b X 	]lZP `[ pT[acyO`[p` d TOP m`a
d TdOm]bZT[a pT[p`P[c`a V











`ab X 	`ubP]ZP` ]ObTj ]bZyO`j `[b X`
b`mm`a pT[[]Zaa][p`a `[ a` s]a][b aOP X`a `u`jdm`a f p 	`ab
XZP` aOP O[ `[a`jsm` mZj Zbc
X` XT[[c`a XZad T[Zsm`a V i` dPTsmkj ` a` XcpmZ[` `[ dmOaZ`OPa _]PZ][b`a f `[ UT[pbZT[ X`a
Z[UTPj ]bZT[a XZad T[Zsm`a aOP m` dPTsmkj ` bP]Zbc R

m 	]ddP`[bZaa]l` aOd `P_Zac f

m 	]ddP`[bZaa]l` [T[ aOd `P_Zac f

m 	]ddP`[bZaa]l` a`j ZaOd `P_Zac f

`b m 	]ddP`[bZaa]l` d]PbZ`mm`j `[b aOd `P_Zac V
q ]Za ]_][b X` dPca`[b`P p`a XZcP`[b`a ]ddPTpe`a f [TOa Z[bPTXOZaT[a X 	]s TPX XZ c
P`[b`a j ][ZkP`a X` P`dPca`[b`P m`a XT[[c`a V
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hc[cP]m`j `[b f T[ P`dPca`[b` m`a XT[[c`a aTOa UTPj ` b]sOm]ZP` V n`a mZl[`a XO b]sm`]O





f m`a pTmT[[`a ]Ou

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yOZ m`a p]P]pbcPZa`[b f `b m`a
p]a`a XO b]sm`]O ]Ou _]m`OPa X`a `u`jdm`a aOP p`a ]bbPZsOba V w[ d]Pm` ]Z[aZ pm]aaZyO`j `[b











P`dPca`[b` d]P `u`jdm` O[ `[a`jsm` X` _TZbOP`a Xc[Z`a d]P O[ `[
a`jsm` X` p]P]pbcPZabZyO`a R m`OP ZX`[bZ][b f m` p]PsOP][b yO 	`mm`a ObZmZa`[b f m`OP [TjsP`
X` pQmZ[XP`a f m`OP mT[lO`OP f m`OP dOZaa][p` `b m`OP dPZu V n` p]PsOP][b `ab O[ ]bbPZsOb X`
bQd ` p]bclTPZ`m f m`a _]m`OPa d TaaZs m`a aOP p`b ]bbPZsOb U]Za][b d]PbZ` X 	O[ `[a`jsm` [Z
dPcXcb`Pj Z[c X` p]bclTPZ`a XZ`a`m f `aa`[p` f ldm `b cbe][Tm X][a [TbP` p]a V n`a ]ObP`a
]bbPZsOba aT[b X` bQd ` [Oj cPZyO` f ]_`p pe]pO[ aT[ Z[b`P_]mm` X` Xc[ZbZT[ m 	`[a`jsm`




; d TOP m] mT[lO`OP d]P `u`jdm` V n] p]a` `[ lP]a aZl[Z`
]Z[aZ yO` m] bPTZaZkj ` _TZbOP` ObZmZa` XO XZ`a`m pTjj ` p]PsOP][b V
 TbT[a Xka 
 dPca`[b yO 	Zm `u Zab` XZ cP`[b`a b`Pj Z[TmTlZ`a d TOP XcpPZP` m`a cmcj `[ba X`
b`mm`a s]a`a X` XT[[c`a b]sOm]ZP`a V n` dmOa aTO_`[b f m`a mZl[`a XO b]sm`]O aT[b ]dd `mc`a





XcpPZba d]P X`a _]m`OPa aOP dmOaZ`OPa
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 





V W[[ f O[` ]ObP` _O` d TaaZs m` ObZmZac` `[ ab]bZabZyO`a `ab X` pT[aZXcP`P

























yO` p`Pb]Z[`a X` m`OPa _]m`OPa aT[b ]s `PP][b`a V rm a 	]lZb m` dmOa aTO_`[b X` _]m`OPa ZaaO`a
X` p]db`OPa XcpZ`[ba f TO sZ`[ X 	`PP`OPa eOj ]Z[`a X][a m`OP j ][ZdOm]bZT[ V rm d `Ob ]OaaZ











V dPca`[b` O[ `u`jdm` X` XT[[c`a X][a m`ayO`mm`a X`Ou _]m`OPa
j ][yO][b`a `b O[` _]m`OP ]s `PP][b` `[ lP]a aT[b dPca`[b`a V





























































\T[[c`a abT pc`a aTOa UTPj ` b]sOm]ZP` V





















































XcpPZP` O[ `[a`jsm` X` XT[[c`a f j ]Za X 	]ObP`a P`dPca`[b]bZT[a dmOa pTjdm`u`a d `O_`[b
cl]m`j `[b








][X \ ZX]Qf ;;; f ]mTPa m`a _]m`OPa ]aaT pZc`a ]Ou Ts  `ba d `O_`[b

bP` X`a Z[b`P_]mm`a X`
Xc[ZbZT[ aOP O[ ]bbPZsOb [Oj cPZyO` f TO sZ`[ O[ `[a`jsm` X` j TX]mZbca d TaaZs m`a aOP
O[ ]bbPZsOb p]bclTPZ`m V \ ` j ][ZkP` dmOa lc[cP]m` f T[ d `Ob P`dPca`[b`P m`a _]m`OPa X`a
Ts  `ba d]P X`a XZabPZsObZT[a X` dPTs]sZmZbca aOP m`a ]bbPZsOba pT[aZXcPca V S]P ]Zmm`OPa f
p`Pb]Z[`a XT[[c`a d `O_`[b

bP` P`dPca`[bc`a d]P X`a

	
V i 	`ab m` p]a d]P `u`jdm`
X` pTPdOa X` XTpOj `[ba a`j ZabPOpbOPca TO X` XT pOj `[ba cbZyO`bca aQ[b]u ZyO`j `[b V





V rm `ab cl]m`j `[b d TaaZs m` yO 	`mm`a
aTZ`[b P`dPca`[bc`a d]P X`a
	
f Z[XZyO][b d]P `u`jdm` m 	c_TmObZT[ b`jdTP`mm` X`
p`Pb]Z[`a j `aOP`a V w[ d]Pm` X][a p` p]a X`
   




V W[[ f mTPayO` m 	T[ aTOe]Zb` P`dPca`[b`P X`a Z[b`P]pbZT[a pTjdm`u`a `[bP`
XZ cP`[ba pTjd Ta][ba f pTjj ` `[ deQaZyO` d TOP XcpPZP` m`a j ]bcPZ]Ou TO `[ peZj Z` d TOP






      
yOZ `ab ObZmZac` V
\ ][a m`a bP]_]Ou yO` [TOa ]_T[a j `[ca f [TOa [TOa aTjj`a dPZ[pZd]m`j `[b Z[bcP`aac
]O p]a m` dmOa aTO_`[b P`[pT[bPc R p`mO Z X`a XT[[c`a P`dPca`[bc`a aTOa UTPj ` ]bbPZsOb
_]m`OP `b T m`a ]bbPZsOba d `O_`[b

bP` X` []bOP` [Oj cPZyO` TO p]bclTPZ`mm` V \ ][a O[
X`Ou Zkj ` b`jda f [TOa [TOa aTjj`a Z[bcP`aac ]O p]a X`a XT[[c`a P`dPca`[bc`a d]P X`a
]PsP`a V
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bP` p]d]sm` X 	cbZyO`b`P X`a XT[[c`a `[
m`OP ]aaT pZ][b O[` pm]aa` V zZ m`a pm]aa`a d TaaZs m`a aT[b pT[[O`a `b aZ m`a `u`jdm`a aT[b













V \ ][a p` p]a f Zm a 	]lZb ]mTPa X 	ObZmZa`P m`a `u`jdm`a UTOP[Za Xc 
 pm]aaca d TOP
]ddP`[XP` O[ j TXkm` yOZ d `Pj `bb` `[aOZb` X 	]aaTpZ`P 
 bTOb [TO_`m `u`jdm` P`[pT[bPc
a] pm]aa` m] dmOa ]X]dbc` V
^[ `u`jdm` X 	]ddmZp]bZT[ X` m 	]ddP`[bZaa]l` aOd `P_Zac pT[p`P[` m] j cX`pZ[` R cb][b
XT[[ca m`a PcaOmb]ba X 	][]mQa` X 	O[ d]bZ`[b f `b m] pT[[]Zaa][p` X` m 	cb]b X 	]ObP`a d]bZ`[ba
d TOP m`ayO`ma m`a j

j`a ][]mQa`a T[b cbc j `[c`a f Zm `ab d TaaZs m` X 	c_]mO`P m` PZayO` X`
j ]m]XZ` X` p` [TO_`]O d]bZ`[b `[ UT[pbZT[ X` m] aZj Zm]PZbc X` a`a ][]mQa`a ]_`p p`mm`a
X`a ]ObP`a d]bZ`[ba V
\ ][a m` p]a X` [TbP` `u`jdm` pT[p`P[][b m`a _TZbOP`a f Zm d `Ob a 	]lZP d]P `u`jdm` X`
Xcb`Pj Z[`P aZ O[` [TO_`mm` _TZbOP` P`[pT[bPc` U]Zb d]PbZ` X` m] pm]aa` X`a pZb]XZ[`a f X`a
_TZbOP`a Z[b`Pj cXZ]ZP`a TO X`a _TZbOP`a pT[UTPb]sm`a f `[ a` s]a][b aOP a`a p]P]pbcPZabZyO`a f








X][a m` p]XP` X` m 	]ddP`[
bZaa]l` aOd `P_Zac V 	 pe]yO` `u`jdm` Z[ ZbZ]m `ab ]aaT pZc` m] pm]aa` X` _TZbOP` 
 m]yO`mm`
Zm ]dd]PbZ`[b V n 	Ts  `pbZU `ab ]mTPa X 	

bP` p]d]sm` X 	`abZj `P m] pm]aa` m] dmOa ]ddPTdPZc`

 bTOb [TO_`m `u`jdm` P`[pT[bPc V S]P `u`jdm` f Tsa`P_][b yO` dmOa m`a _TZbOP`a aT[b
mT[lO`a f d mOa `mm`a aT[b pT[UTPb]sm`a f T[ d TOPP]Zb `ubP]d Tm`P `b Pcd T[XP` yO` m] [TO_`mm`
_TZbOP` ]dd]PbZ`[b 

















; ;; Z[b`Pj cXZ]ZP`
o XZ`a`m 






























\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` aOd `P_Zac V
S]P ]Zmm`OPa f d mObb yO` X 	]aaT pZ`P 
 pe]yO` `u`jdm` O[` pm]aa` O[ZyO` f Zm `ab d]PUTZa
ObZm` X` m`OP ]aaTpZ`P O[` dPTs]sZmZbc X 	]dd]Pb`[][p` 
 pe]pO[` X`a pm]aa`a V n` b]sm`]O

V
dPca`[b` m` dPTsmkj ` X][a p` p]XP` V

Z[aZ f m] dP`j ZkP` _TZbOP` [ 	`ab d]P `u`jdm` dmOa
aZjdm`j `[b pm]aac` pTjj` pT[UTPb]sm` R `mm` ] X][a p` p]a O[` dPTs]sZmZbc X` ; V X 	

bP`
X` m] pm]aa` pT[UTPb f `b O[` dPTs]sZmZbc X` ; V X 	

bP` X` m] pm]aa` Z[b`Pj cXZ]ZP` V
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\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` aOd `P_Zac dPTs]sZmZab` V







V ]X]db` [TbP` `u`jdm` aOP m`a _TZbOP`a X][a p` p]a V n 	Ts  `pbZU
X][a p` p]XP` [ 	`ab ]mTPa dmOa aZjdm`j `[b X 	]aaT pZ`P m 	O[` X`a bPTZa pm]aa`a dPcXcb`Pj Z[c`a

 m] [TO_`mm` _TZbOP` P`[pT[bPc` f j ]Za X 	]ddPTpe`P ]O j Z`Ou m` dPZu X` p`bb` _TZbOP` V
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pT[bP]PZT f aZ a`Oma X`a `u`jdm`a a][a cbZyO`bb` aT[b XZad T[Zsm`a f `b aZ m`a pm]aa`a





























































\T[[c`a ObZmZac`a `[ PclP`aaZT[ V
\ ][a p` p]a f m 	]ddP`[bZaa]l` a` P]j k[` ]mTPa 
 pZs m`P m`a lPTOd `a eTj Tlk[`a X 	`u`jdm`a
`u Zab][b X][a m`a XT[[c`a f p 	`ab
XZP` 
 ZX`[bZ`P X`a lPTOd `a b`ma yO` m`a `u`jdm`a m`a
dmOa aZj Zm]ZP`a ]dd]PbZ`[[`[b ]O j

j` lPTOd ` f `b yO` m`a `u`jdm`a m`a dmOa XZcP`[ba
aTZ`[b acd]Pca X][a XZ cP`[ba lPTOd `a f m] [TbZT[ X` aZj Zm]PZbc cb][b m` dmOa aTO_`[b
P]j `[c` 
 O[` UT[pbZT[ X` XZab][p` `[bP` d]ZP`a X 	`u`jdm`a V

ObP`j `[b XZb f Zm a 	]lZb 

p` [Z_`]O X` P`pe`Ppe`P m] XZabPZsObZT[ aTOa ]p`[b` X`a `u`jdm`a X][a m`OP `ad]p` X`
X`apPZdbZT[ V
W[ j cX`pZ[` f Zm d `Ob d]P `u`jdm`

bP` Z[bcP`aa][b X` Xcb`pb`P f d]Pj Z O[ `[a`jsm`
X` d]bZ`[ba ]bb`Z[ba X 	O[` j ]m]XZ` XT[[c` f m`a XZcP`[ba lPTOd `a X` j ]m]X`a P` cb][b
XZ cP`[b`a p]Oa`a d TaaZs m`a X` m] j ]m]XZ` V iTjj` m` j T[bP` m` b]sm`]O

V f Zm [ 	Q ] Xka
mTPa X][a p` p]a dmOa ]OpO[` Z[UTPj ]bZT[ X` pm]aa` ]aaT pZc` ]Ou `u`jdm`a f p` yOZ P`_Z`[b
[]m`j `[b 
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 cbe][Tm 
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jT[bP` d]P `u`jdm` O[` U]T[ X` P`lPTOd `P O[ `[a`jsm` X` _TZbOP`a `[
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j`bbP` `[ ]_][b m` U]Zb yO` m` dPZu X`a _TZbOP`a ]Olj `[b` aZl[Zp]bZ_`j `[b `[ UT[pbZT[
X` m`OP mT[lO`OP V
\ ` j

j` yO` d TOP m 	]ddP`[bZaa]l` aOd `P_Zac f T[ d `Ob aTZb pT[aZXcP`P yO` pe]yO`
`u`jdm` [` d `Ob ]dd]Pb`[ZP yO 	
 O[ a`Om lPTOd ` f aTZb pT[aZXcP`P yO` pe]yO` `u`jdm` ]
O[` dPTs]sZmZbc XT[[c` X 	]dd]Pb`[ZP 
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rm `u Zab` cl]m`j `[b X`a dPTsmkj `a Z[b`Pj cXZ]ZP`a f T a`Om`a p`Pb]Z[`a XT[[c`a aT[b








V jT[bP` m 	]X]d
b]bZT[ X` [TbP` `u`jdm` X][a p` p]XP` V







; ;; Z[b`Pj cXZ]ZP`
o XZ`a`m 






























\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` a`j ZaOd `P_Zac V
\ ][a p` p]a f m 	Ts  `pbZU `ab f X` j

j` yO 	`[ ]ddP`[bZaa]l` aOd `P_Zac f X` dPTd Ta`P
O[ j TXkm` d `Pj `bb][b X` P`dPca`[b`P m 	]dd]Pb`[][p` X`a Ts  `ba 
 XZ cP`[b`a pm]aa`a
dPcXcb`Pj Z[c`a f j ]Za p`bb` UTZapZ `[ a` a`P_][b cl]m`j `[b X`a `u`jdm`a [T[ cbZyO`bca
yOZ f pTjj ` `[ ]ddP`[bZaa]l` [T[ aOd `P_Zac f aT[b aOap`dbZs m`a X 	]ddTPb`P X` m 	Z[UTPj ]bZT[
yO][b 
 m] XZabPZsObZT[ aTOa ]p`[b` X`a `u`jdm`a X][a m`OP `ad]p` X` X`apPZdbZT[

 Zl]j
`b ]m Vf ;;; V
tQdZyO`j `[b f p` bQd ` X` dPTsmkj ` a` dPca`[b` mTPayO 	c_]mO`P m] pm]aa` X 	O[ `u`jdm`
`ab pTb`Ou V i 	`ab d]P `u`jdm` m` p]a mTPayO` m 	T[ aTOe]Zb` Xcb`Pj Z[`P aZ O[ d]bZ`[b
XT[[c `ab ]bb`Z[b TO [T[ X 	O[` j ]m]XZ` yO 	T[ [` d `Ob Xcb`pb`P yO` d]P X`a j TQ`[a
j TX`P[`a eT[cP`Ou V
\ ` [TO_`]O f Zm `ab cl]m`j `[b d TaaZs m` X 	]aaTpZ`P 
 pe]yO` `u`jdm` O[` dPTs]sZmZbc
X 	]dd]Pb`[][p` 
 pe]pO[` X`a pm]aa`a V n` b]sm`]O

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\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` a`j ZaOd `P_Zac dPTs]sZmZab` V
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W[[ f mTPayO` m 	cbZyO`b]l` X`a XT[[c`a `ab a`Om`j `[b d]PbZ`m f pTjj ` X][a m` p]a XO
b]sm`]O

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jsPTZa` ][X hT_]`Pb f
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\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` d]PbZ`mm`j `[b aOd `P_Zac V
\ ` p`bb` j ][ZkP` f T[ ] TOb` X][a m] s]a` X` XT[[c`a m`a Z[UTPj ]bZT[a d]PbZ`mm`a
pT[p`P[][b m`a pm]aa`a ]aaTpZc`a ]Ou `u`jdm`a V \ ][a [TbP` `u`jdm` f T[ dPcpZa` ]Z[aZ
yO` m] a`dbZkj ` _TZbOP` `ab aTZb X` m] pm]aa` pZb]XZ[` f aTZb X` m] pm]aa` Z[b`Pj cXZ]ZP` f
j ]Za yO 	`mm` [ 	`ab d]a X` m] pm]aa` pT[UTPb dOZayO` a] dPTs]sZmZbc X 	]dd]Pb`[][p` 
 p`bb`
pm]aa` `ab [Omm` V \ ][a m` XTj ]Z[` j cXZp]m f p` bQd ` X 	Z[UTPj ]bZT[ d]PbZ`mm` pTPP`ad T[X
d]P `u`jdm` ]O U]Zb yO 	O[ j cX`pZ[ aTZb p`Pb]Z[ yO 	O[ d]bZ`[b XT[[c [ 	`ab d]a ]bb`Z[b X`
m] j ]m]XZ`






; dPca`[b` []m`j `[b m` p]a T m`a Z[UTPj ]bZT[a aOP m`a pm]aa`a X`a
`u`jdm`a aT[b d]PbZ`mm`a `b T O[` dPTs]sZmZbc X 	]dd]Pb`[][p` 
 pe]pO[` X`a pm]aa`a `ab
]aaT pZc` 
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\T[[c`a ObZmZac`a `[ ]ddP`[bZaa]l` d]PbZ`mm`j `[b aOd `P_Zac dPTs]sZmZab` V
  
* 1 (-0)+ ,*(1+
n 	` p]pZbc X`a j cbeTX`a j Za`a `[ O_P` Xcd `[X UTPb`j `[b X`a p]P]pbcPZabZyO`a X`a
s]a`a X` XT[[c`a cbOXZc`a V rm Q ] ]Z[aZ yO]bP` cmcj `[ba dPZ[pZd]Ou 
 dP`[XP` `[ pTjdb` R

V m` [TjsP` X 	`u`jdm`a pT[aZXcPca f
 V m` [TjsP` `b m` bQd ` X`a ]bbPZsOba XcpPZ_][b p`a `u`jdm`a f
o V m] dPca`[p` X` XT[[c`a j ][yO][b`a m`a _]m`OPa [T[ P`[a`Zl[c`a f
 V `b m` sPOZb yOZ d `Ob `u Zab`P X][a m`a XT[[c`a m`a _]m`OPa ]s `PP][b`a V
S]P ]Zmm`OPa f O[` ]bb`[bZT[ d]PbZpOmZkP` XTZb

bP` d TPbc` aOP p`Pb]Z[a d TZ[ba mTPa X` m]
j Za` `[ O_P` X` j cbeTX`a X 	]ddP`[bZaa]l` R

V m] j Z[Zj Za]bZT[ X`a pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP f
 V m] pTjdm`uZbc XO j TXkm` ObZmZac d TOP P`dPca`[b`P m`a XT[[c`a f
o V `b c_`[bO`mm`j `[b m] dPca`[b]bZT[ X`a PcaOmb]ba aTOa UTPj ` pTjdPce`[aZs m` d TOP
m 	ObZmZa]b`OP V
tTOb X 	]s TPX f m 	` p]pZbc X`a j cbeTX`a `ab UTPb`j `[b mZc` ]O [TjsP` X 	`u`jdm`a yOZ
m`OP aT[b UTOP[Za `[ `[bPc` V zZ p` [TjsP` `ab bPTd U]Zs m` f Zm d `Ob ]mTPa

bP` bPka XZ pZm`
X 	`[ `ubP]ZP` X` m 	Z[UTPj ]bZT[ d `PbZ[`[b` p]P m`a eQd Tbeka`a `[_Za]lc`a d `O_`[b ]mTPa

bP` bPka [TjsP`Oa`a `b T[b O[ U]Zs m`

f p 	`ab
XZP` yO` d `O X 	`u`jdm`a _cPZ`[b
p`a eQd Tbeka`a f p` yOZ j `b `[ XTOb` m`OP _]mZXZbc V

O pT[bP]ZP` f aZ p` [TjsP` `ab bPTd
cm`_c f ]mTPa X`a dPTsmkj `a X 	cpe`mm`a d `O_`[b a` d Ta`P V rm U]Ob ]mTPa

bP` p]d]sm` X` lcP`P
m`a dPTsmkj `a X` abT p]l` `[ j cjTZP` X` lP][X`a yO][bZbca X 	Z[UTPj ]bZT[a f ]Z[aZ yO` XO
b`jda X 	`ucpObZT[ X` m] j cbeTX` dPTd Tac` V
\ ` m] j

j` U]T[ f X`a XT[[c`a XcpPZb`a d]P O[ lP][X [TjsP` X 	]bbPZsOba [cp`aaZb`[b
aTO_`[b X`a j cbeTX`a ad cpZyO`a p]d]sm`a X` dP`[XP` `[ pTjdb` X` b`mm`a yO][bZbca Zj 
d TPb][b`a X 	]bbPZsOba V n] []bOP` bPka _]PZc` X`a ]bbPZsOba XTZb cl]m`j `[b

bP` pT[aZXcPc`
mTPa X` m] j Za` `[ O_P` X` j cbeTX`a X 	]ddP`[bZaa]l` V W[ ` `b f m`a ]bbPZsOba [Oj c
PZyO`a `b m`a ]bbPZsOba p]bclTPZ`ma d `O_`[b P]P`j `[b

bP` bP]Zbca X` m] j

j` j ][ZkP` V
S]P `u`jdm` f m] [TbZT[ X` XZab][p` `[bP` X`Ou `u`jdm`a [ 	`ab d]a m] j

j` a`mT[ yO` m`a
       


]bbPZsOba yOZ m`a p]P]pbcPZa`[b aT[b [Oj cPZyO`a TO p]bclTPZ`ma f p]P a 	Zm `ab ]aa` XZP`pb X`
d TabOm`P yO 	O[` _TZbOP` pTb][b

;;;; `OPTa `ab dmOa dPT pe` X 	O[` _TZbOP` pTb][b ;;;
`OPTa yO` X 	O[` _TZbOP` pTb][b

;;; `OPTa f Zm `ab s `]OpTOd dmOa dPTsmcj ]bZyO` X 	c_]
mO`P m] dPTu Zj Zbc `[bP` bPTZa _TZbOP`a XT[b m 	O[` `ab PTOl` f m 	]ObP` sm`O` `b m] bPTZaZkj `
 ]O[` V
S]P ]Zmm`OPa f O[ ]ObP` cmcj `[b ZjdTPb][b 
 dP`[XP` `[ pTjdb` mTPa X` m] j Za` `[
O_P` X 	O[` j cbeTX` X 	]ddP`[bZaa]l` `ab m] d TaaZs ZmZbc yO` m`a _]m`OPa X` p`Pb]Z[`a
XT[[c`a aOP p`Pb]Z[a ]bbPZsOba [` aTZ`[b d]a P`[a`Zl[c`a f ]Z[aZ yO` m] d TaaZs m` dPca`[p`
X` XT[[c`a sPOZbc`a f p 	`ab
XZP` X 	`u`jdm`a yOZ [` aOZ_`[b d]a m] XZabPZsObZT[ lc[cP]m`
X`a `u`jdm`a aOP m`OP `ad]p` X` X`apPZdbZT[ V
^[ ]ObP` Ts  `pbZU Zjd TPb][b pT[aZab` 
 jZ[Zj Za`P m`a pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a
X` m] d]Pb X` m 	ObZmZa]b`OP f ][ yO` m] j cbeTX` aTZb m] dmOa lc[cPZyO` d TaaZs m` f `b d]Pp`
yO 	Zm `ab aTO_`[b bPka XZ pZm` d TOP m`a ObZmZa]b`OPa X` UTOP[ZP X` b`mm`a pT[[]Zaa][p`a V
W[ ]ddP`[bZaa]l` [T[ aOd `P_Zac f Zm `ab d]P `u`jdm` aTO_`[b X`j ][Xc 
 m 	ObZmZa]b`OP X`
ad cpZ`P m` [TjsP` X` lPTOd `a dPca`[ba X][a m`a XT[[c`a f ]mTPa yO` p`bb` Z[UTPj ]bZT[
`ab d `O aTO_`[b XZad T[Zsm` `[ dP]bZyO` V  TOa _`PPT[a X][a m] aOZb` yO` p` d TZ[b ] cbc
bPka dPca`[b mTPa X` [Ta XZcP`[ba bP]_]Ou X` P`pe`Ppe` V
\ 	]ObP` d]Pb f O[` ]bb`[bZT[ d]PbZpOmZkP` XTZb

bP` d TPbc` aOP m] pTjdm`u Zbc XO j TXkm`
dPTd Tac d TOP P`dPca`[b`P m`a XT[[c`a V w[ P`bPTO_` 












XO jTXkm` V W[ ` `b f aZ O[ j TXkm` bPTd pTjdm`u` `ab
dPTd Tac f ]mTPa Zm PZayO` X 	

bP` bPTd ad cpZyO` ]Ou XT[[c`a X 	]ddP`[bZaa]l` f `b XT[p

bP`
XZ pZm`j `[b lc[cP]mZa]sm` 









O pT[bP]ZP` f aZ O[ j TXkm` bPTd aZjdm` `ab dPTd Tac f ]mTPa Zm PZayO`
X` [` d]a

bP` p]d]sm` X` pZs m`P p`Pb]Z[a pT[p`dba ad cpZyO`a X][a m`a XT[[c`a p]P m`a








W[[ f O[ X`P[Z`P d TZ[b yOZ a` Pc_km` bPka ObZm` X][a p`Pb]Z[a p]a f `b yOZ pT[abZbO`
cl]m`j `[b O[` d]Pb Zjd TPb][b` X` [Ta bP]_]Ou X` P`pe`Ppe` f cb][b XT[[c m` p]XP` X][a
m`yO`m Zma T[b cbc j `[ca f `ab p`mO Z X` m] dPca`[b]bZT[ X` PcaOmb]ba yOZ aTZ`[b U]pZm`j `[b
Z[b`PdPcb]sm`a d]P m 	ObZmZa]b`OP V

.(/*+ /+ 1( *++*+
n] aT pZcbc S`PbZ[`[p`  dPTd Ta` ]O TOPX 	eOZ O[ mTlZpZ`m bPka ` p]p` d `Pj `bb][b X 	`u 
bP]ZP` X` j ][ZkP` pTjdPce`[aZs m` X` m] pT[[]Zaa][p` 
 d]PbZP X` s]a`a X` XT[[c`a cbZyO`
bc`a ecbcPTlk[`a f ZaaO`a d TOP m] dmOd]Pb X` dPT p`aaOa Z[XOabPZ`ma pTjdm`u`a f dOZa X` lcP`P
X` U]T[ d `PbZ[`[b` p`bb` pT[[]Zaa][p` X][a m` sOb X 	]j cmZTP`P ]O j Z`Ou p`a dPTp`aaOa
`b m`OP j ]Z[b`[][p` V

ObP`j `[b XZb f S`PbZ[`[p` ] Xc_`mTdd c O[` j cbeTX` ` p]p` X 	]ddP`[bZaa]l` aOd `P
_Zac 
 d]PbZP X` s]a`a X` XT[[c`a d TO_][b pT[b`[ZP XZcP`[ba bQd `a X 	]bbPZsOba f `b yOZ
UTOP[Zb `[ aTPbZ` O[ PcaOmb]b pTjdPce`[aZs m` aTOa UTPj ` X` Pklm`a Xc[Z`a d]P O[ j Z[Z
jOj X 	]bbPZsOba d]Pj Z m`a dmOa d `PbZ[`[ba f ]Z[aZ yO 	O[` j cbeTX` d `Pj `bb][b X 	ObZmZa`P
]O j Z`Ou p`a Pklm`a dPTXOZb`a V










O[` pT[ T[pbZT[ X` b`aba Xc[Zaa][b m 	]dd]Pb`[][p` X 	O[ `[a`jsm`
X 	`u`jdm`a 
 O[` pm]aa` V i`a b`aba aT[b Xc[Za aOP O[ aTOa`[a`jsm` X`a ]bbPZsOba Z[ ZbZ]Ou
X` X`apPZdbZT[ V ^[ b`ab aOP O[ ]bbPZsOb [Oj cPZyO` Xc[Zb m 	]dd]Pb`[][p` X` m] _]m`OP
X 	O[ `u`jdm` 
 O[ Z[b`P_]mm` X` Xc[ZbZT[ XT[[c f `b O[ b`ab aOP O[ ]bbPZsOb p]bclTPZ`m

 m 	]dd]Pb`[][p` X` m] _]m`OP X` m 	`u`jdm` 
 O[` TO dmOaZ`OPa p]bclTPZ`a dPcXc[Z`a V
n] lOP`







Wu`jdm` X` Pklm` dPTXOZb` d]P S`PbZ[`[p` gOm` q ]`P V
S`PbZ[`[p` gOm` q ]`P TM [` [cp`aaZb` ]OpO[` pT[[]Zaa][p` ] dPZTPZ X` m] d]Pb X`
m 	ObZmZa]b`OP `b `ab p]d]sm` X` U]ZP` U]p` ]Ou XT[[c`a Pc`mm`a d TO_][b pT[b`[ZP X`a XT[[c`a
j ][yO][b`a f sPOZbc`a f `b p]P]pbcPZac`a d]P X` [TjsP`Ou ]bbPZsOba X` bQd `a XZcP`[ba `b
d]Pj Z m`ayO`ma dmOaZ`OPa d `O_`[b [` d]a

bP` d `PbZ[`[ba V
n` p]XP` X` [TbP` P`pe`Ppe` a` aZbO` X][a m 	`ub`[aZT[ X` p`bb` j cbeTX` ` p]p` ]O p]a
T bTOb`a m`a Z[UTPj ]bZT[a X` pm]aa`a [` aT[b d]a XZad T[Zsm`a V

ObP`j `[b XZb f [TOa pe`P
peT[a 
 cb`[XP` m] p]d]pZbc XO mTlZpZ`m ]Ou j cbeTX`a [T[ aOd `P_Zac`a f a`j ZaOd `P_Zac`a




 X`a XT[[c`a Pc`mm`a

d TO_][b pT[b`[ZP X`a XT[[c`a j ][yO][b`a `b XO sPOZb f

p]P]pbcPZac`a d]P X` [TjsP`Ou ]bbPZsOba X` bQd `a XZ cP`[ba f

`b d]Pj Z m`ayO`ma dmOaZ`OPa d `O_`[b [` d]a

bP` d `PbZ[`[ba f

`b dPTXOZP` O[ PcaOmb]b U]pZm`j `[b Z[b`PdPcb]sm` d]P m 	ObZmZa]b`OP

a][a [cp`aaZb`P X` pT[[]Zaa][p` ] dPZTPZ X` a] d]Pb V
 TOa _`PPT[a ]mTPa X][a m] mZbbcP]bOP` m`a aTmObZT[a dPTd Tac`a d TOP U]ZP` U]p` 
 p`a
XZ cP`[b`a dPTsmcj ]bZyO`a f dOZa [TOa dPca`[b`PT[a [Ta pT[bPZsObZT[a X][a p` XTj ]Z[` V









U]Zb PcUcP`[p` ]O dPTsmkj ` X` m] dPZa` `[ pTjdb` XO pT[b`ub`
X][a m`yO`m m`a lPTOd `a aT[b UTPj ca f p 	`ab
XZP` m` U]Zb yO` p`Pb]Z[a lPTOd `a X 	`u`jdm`a
d `O_`[b









 m] dPTsmcj ]bZyO` X` m] dPca`[b]bZT[ X`a PcaOmb]ba
X` j ][ZkP` pTjdPce`[aZs m` 
 m 	ObZmZa]b`OP  






`ab O[ dPTsmkj ` bPka d]PbZpOmZ`P X][a m` p]XP` X` m 	]ddP`[bZaa]l` [T[




j` X 	O[ P`lPTOd `j `[b `ab XZ pZm` 
 Xc[ZP p]P aOs  `pbZU
d]P []bOP` V
 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
 TOa _`PPT[a ]mTPa m 	Z[bcP









dTOP U]ZP` U]p` ]O
dPTsmkj ` X` m] pT[b`ubO]mZa]bZT[ ]Z[aZ yO 	
 p`mO Z X` m] j Za` `[ O_P` X 	O[` j cbeTX`
p]d]sm` X` U]ZP` U]p` ]Ou XT[[c`a j ][yO][b`a f ]O sPOZb dPca`[b X][a m`a XT[[c`a `b 

XZcP`[ba bQd `a X 	]bbPZsOba XcpPZ_][b m`a `u`jdm`a f `b [` P`yOZcP][b d]a X` pT[[]Zaa][p`
] dPZTPZ X` m] d]Pb X` m 	ObZmZa]b`OP V  TOa _`PPT[a m 	Z[bcP









`[ X`Ou XZj `[aZT[a ][ X` dPca`[b`P m`a PcaOmb]ba X` j ][ZkP` pTjdPce`[aZs m`





















dTOP aT[ c_]mO]bZT[ V
 TOa pTjj`[T[a XT[p []bOP`mm`j `[b d]P dPca`[b`P m 	cb]b X` m 	]Pb `[ pmOab`PZ[l X][a
m] d]PbZ` r V Ta pT[bPZsObZT[a ]mlTPZbej ZyO`a X][a p` XTj ]Z[` f ]Z[aZ yO` m`a `ud cPZj `[
b]bZT[a yO` [TOa ]_T[a j `[c`a X][a p` p]XP` f aT[b `[aOZb` dPca`[bc`a X][a m] d]PbZ` r r V
SOZa m] d]PbZ` rr r `ab pT[a]pPc` 
 [Ta pT[bPZsObZT[a X][a m` XTj ]Z[` X` m 	c_]mO]bZT[
X`a PcaOmb]ba X 	]mlTPZbej `a X` pmOab`PZ[l f TO X` m] pTjd]P]ZaT[ X` b`ma ]mlTPZbej `a f yOZ
pT[abZbO` O[` dPTsmcj ]bZyO` TO_`Pb` Zjd TPb][b` X][a p` p]XP` V W[[ f m`a pT[pmOaZT[a
`b d `Pad `pbZ_`a TO_`Pb`a d]P [Ta bP]_]Ou aT[b dPca`[bc`a X][a m] d]PbZ` r  V
S mOaZ`OPa ][[`u`a `[ d]PbZ`   Xcb]Zmm`[b []m`j `[b dmOaZ`OPa d TZ[ba c_TyOca f d `P
j`bb][b ]Z[aZ O[` m`pbOP` dmOa  OZX` X` m] beka` d TOP m` m`pb`OP [` aTOe]Zb][b d]a P`[bP`P
X][a m`a Xcb]Zma X` bTOb`a m`a b`pe[ZyO`a `uZab][b`a V ^[ sZm][ `ab cl]m`j `[b dPca`[bc 
 m]





d TOP m` m`pb`OP













n` pmOab`PZ[l `ab O[` dPTsmcj ]bZyO` X` P`pe`Ppe` cbOXZc` X`dOZa X` [TjsP`Oa`a ][
[c`a X][a XZ cP`[b`a pTjjO[]Obca R j ]peZ[` m`]P[Z[l f X]b] j Z[Z[l f d]bb`P[ P`pTl[ZbZT[ f
ab]bZabZyO`a f `bp V
zT[ Ts  `pbZU f bPka lc[cP]m f pT[aZab` 





 `[ UT[pbZT[ X 	O[` p`Pb]Z[` [TbZT[ X` aZj Zm]PZbc V n`a Ts  `ba yOZ
aT[b pT[aZXcPca pTjj` aZj Zm]ZP`a aT[b ]Z[aZ ]aaT pZca ]O j

j` pmOab`P ]mTPa yO` p`Ou yOZ
aT[b pT[aZXcPca pTjj` XZ cP`[ba aT[b ]aaT pZca 
 X`a pmOab`Pa XZabZ[pba V
z`mT[ m 	]ddmZp]bZT[ `[_Za]lc` d TOP m` pmOab`PZ[l f m`a pT[aZXcP]bZT[a [` aT[b d]a m`a
j

j`a f `b m] Xc[ZbZT[ j

j` X` m 	Z[bcP

b X 	O[` aTmObZT[ d `Ob _]PZ`P V S]P `u`jdm` f mTPayO`
m 	Ts  `pbZU `ab X` PcXOZP` m] b]Zmm` X 	O[  `O X` XT[[c`a d TOP O[ bP]Zb`j `[b dmOa ` p]p` f
]mTPa O[` aTmObZT[ `ab Olc` TdbZj ]m` mTPayO 	`mm` j Z[Zj Za` m] d `Pb` X 	Z[UTPj ]bZT[ mZc` 

O[` b`mm` pTjdP`aaZT[ X`a XT[[c`a V zZ m` pmOab`PZ[l `ab ObZmZac aOP X`a s]a`a X` XT[[c`a
X` pmZ`[ba X][a m` sOb X` U]ZP` cj `Pl`P X`a lPTOd `a X` pmZ`[ba ]Ou pTjdTPb`j `[ba XZ c
P`[ba f ]mTPa m` pPZbkP` X` yO]mZbc X 	O[ PcaOmb]b `ab dPZ[pZd]m`j `[b s]ac aOP O[` acd]P]bZT[
ZjdTPb][b` X`a lPTOd `a UTPj ca V \ ][a X 	]ObP`a p]a ]O pT[bP]ZP` f pT[aZXcP`P X`a pmOab`Pa
yOZ a` pe`_]Ope`[b d `Ob a` Pc_cm`P dmOa Z[bcP`aa][b V W[[ f Zm `ab cl]m`j `[b d TaaZs m` X`
Xc[ZP m 	Z[bcP

b X 	O[ pmOab`PZ[l d]P O[` [TbZT[ X` X`[aZbc X`a pmOab`Pa dPTXOZba V n`a j c
beTX`a s]ac`a aOP X` b`ma pPZbkP`a aT[b ]mTPa `[ lc[cP]m j Z`Ou ]X]dbc`a yO` X 	]ObP`a d TOP
pZs m`P X`a pmOab`Pa X` UTPj ` yO`mpT[yO` f ]mTPa yO` p`a X`P[ZkP`a a`PT[b dmOa ` p]p`a aZ
m 	Ts  `pbZU `ab X` UTOP[ZP O[` P`dPca`[b]bZT[ pTjdPce`[aZs m` X`a pmOab`Pa ZX`[bZca V
rm `ab ]Z[aZ ]Xj Za X][a m] pTjjO[]Obc bP]_]Zmm][b aOP m` pmOab`PZ[l yO 	]OpO[ pPZbkP`
[Z ]OpO[` j cbeTX` [` aT[b Z[bPZ[akyO`j `[b j `Zmm`OPa yO` X 	]ObP`a aOP m 	`[a`jsm` X`a
dPTsmcj ]bZyO`a `b X`a dPTsmkj `a `[_Za]l`]sm`a V S]P pT[bP` f p`Pb]Z[a pPZbkP`a `b p`Pb]Z[`a
j cbeTX`a aT[b dmOa ]ddPTdPZca yO` X 	]ObP`a X][a p`Pb]Z[a pe]jda X 	]ddmZp]bZT[ `b U]p`

 p`Pb]Z[a dPTsmkj `a V
\ ][a p`bb` d]PbZ` f [TOa [` dPcb`[XT[a d]a UTOP[ZP O[` mZab` `ue]OabZ_` X` m 	`[a`jsm`
X`a [TbZT[a `b j cbeTX`a `u Zab][b X][a m` p]XP` XO pmOab`PZ[l f j ]Za dmObb X` XT[[`P O[
]d `PO lc[cP]m X`a XZcP`[b`a dPTsmcj ]bZyO`a P`[pT[bPc`a X][a p` p]XP` f ]Z[aZ yO` X`a
j cbeTX`a m`a dmOa ObZmZac`a d TOP Q U]ZP` U]p` V
 TOa dPca`[bT[a bTOb X 	]s TPX X][a m` pe]dZbP`  O[` _O` lc[cP]m` XO dPTsmkj ` V SOZa
m` pe]dZbP` o `ab pT[a]pPc 
 m] dPca`[b]bZT[ X`a j cbeTX`a X` pmOab`PZ[l m`a dmOa pm]aaZyO`a V
STOP pe]pO[` X` p`a j cbeTX`a f [TOa XT[[T[a O[ ]d `PO lc[cP]m X` a`a p]P]pbcPZabZyO`a
dPZ[pZd]m`a f X` a`a UTPp`a `b X` a`a U]Zs m`aa`a V
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Z[aZ f a`mT[ m 	]ddmZp]bZT[ `[_Za]lc` d TOP m`
pmOab`PZ[l f m 	ObZmZa]b`OP d TOPP] P`pe`Ppe`P m] j cbeTX` m] dmOa ]ddPTdPZc` `[ UT[pbZT[ X`
m 	`[a`jsm` X` a`a p]P]pbcPZabZyO`a V










i` pe]dZbP` dPTd Ta` O[` _O` lc[cP]m` XO dPTsmkj ` XO pmOab`PZ[l V  TOa dPca`[bT[a
bTOb X 	]s TPX m`a XZ cP`[b`a ]ddmZp]bZT[a d TaaZs m`a XO pmOab`PZ[l V SOZa [TOa XZapObT[a X`a
XZcP`[b`a [TbZT[a yOZ aT[b ObZmZac`a d TOP Xc[ZP m] aZj Zm]PZbc `[bP` Ts  `ba f yOZ pT[abZbO`




X][a m`yO`m m`a pmOab`Pa aT[b pPcca V n] a`pbZT[ aOZ_][b` dPca`[b` X`
U]T[ bPka aOppZ[b` m`a dPZ[pZd]m`a j cbeTX`a X` pmOab`PZ[l `u Zab][b`a f ]Z[aZ yO 	O[` mZab`
X`a p]P]pbcPZabZyO`a dPZ[pZd]m`a yOZ d `O_`[b m`OP

bP` ]aaTpZc`a V W[[ f [TOa dPca`[bT[a
m`a ]ddPT pe`a `u Zab][b`a d `Pj `bb][b X 	c_]mO`P m`a PcaOmb]ba X 	]mlTPZbej `a X` pmOab`PZ[l f
]_][b X 	Z[bPTXOZP` yO`myO`a [Tb]bZT[a yOZ a`PT[b ObZmZac`a bTOb ]O mT[l X` m] beka` V \ `
dmOa ]jdm`a Xcb]Zma aOP m`a dPZ[pZd]m`a j cbeTX`a X` pmOab`PZ[l `u Zab][b`a aT[b `[aOZb`
dPca`[bca X][a m` pe]dZbP` aOZ_][b V
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rm `u Zab` X` [TjsP`Oa`a ]ddmZp]bZT[a d TaaZs m`a ]O pmOab`PZ[l f yO` m 	T[ d `Ob pm]aa`P `[
bPTZa lPTOd `a dPZ[pZd]Ou
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X 	O[` s]a` X` XT[[c`a ] d TOP Ts  `pbZU dPZ[pZd]m X` PcXOZP` m] b]Zmm`







X`a XT[[c`a f p`mm`apZ d TO_][b ]mTPa

bP`
pT[aZXcPc`a pTmm`pbZ_`j `[b V ^[` b`mm` b`pe[ZyO` `ab d]P `u`jdm` ObZm` `[ a`lj `[b]bZT[
X 	Zj ]l`a f ][ X 	ZX`[bZ`P m`a XZ cP`[b`a T[`a eTj Tlk[`a X` m 	`ad]p` XcpPZb m`a pe]jda f
j ]ZaT[a f PTOb`a f  `O_`a f `bp V V \ ` j ][ZkP` dmOa lc[cP]m` f O[` b`mm` j cbeTX` `ab ObZm`
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ObZmZac` d TOP
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   
 
pTjdm`u` X`a Ts  `ba d]P O[ O[ZyO` ]bbPZsOb p]P]pbcPZa][b m`OP ]dd]Pb`[][p` 
 O[` pm]aa`













p]P]pbcPZabZyO`a dPTpe`a X][a m`a s]a`a X` XT[[c`a pmZ`[ba V \][a p` p]a f m 	Ts  `pbZU dPZ[pZ
d]m `ab X 	cb]smZP X`a dPT ma X` pmZ`[ba ]Ou pTjd TPb`j `[ba aZj Zm]ZP`a f ][ X` pTjdP`[XP`
m`OPa ]bb`[b`a `b m`OPa s `aTZ[a `[ UT[pbZT[ X` m`OP dPT m V \` b`mm`a Z[UTPj ]bZT[a d `P
j`bb`[b ]mTPa X 	]X]db`P m`a ]pbZT[a j ]P`bZ[l `[_`Pa m`a pmZ`[ba `[ UT[pbZT[ X` m`OP
]dd]Pb`[][p` 
 O[` d TdOm]bZT[ XT[[c` V n`a ]ddmZp]bZT[a dPZ[pZd]m`a X` b`mm`a b`pe[ZyO`a








f yO` p` aTZb X][a m] lP][X` XZabPZsObZT[ f
m`a s][yO`a f m`a ]aaOP][p`a f m`a UTOP[Zaa`OPa X 	c[`PlZ` f m`a Td cP]b`OPa bcmcdeT[ZyO`a f m`a
bP][ad TPba f m`a j cXZ]a f m`a p]jd]l[`a X` j ]ZmZ[la f m`a []_Zl]b`OPa Y`s f `bp V i`m] d `Ob
cl]m`j `[b

bP` ]ddmZyOc ]Ou p]a X`a  TOP[]Ou `[ mZl[` TO X`a UTPOj a d]P `u`jdm` V










[ 	] d]a X 	Ts  `pbZU dPccb]smZ V rm a 	]lZb X][a p` p]a X 	]ZX`P 

m] pTjdPce`[aZT[ X` m] abPOpbOP` X`a XT[[c`a `[ m`a TPl][Za][b `[ lPTOd `a eTj Tlk[`a
`b `[ U]Za][b ]Z[aZ cj `Pl`P p`Pb]Z[a
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f d]P m 	Z[UcP`[p` X` Pklm`a
p]P]pbcPZa][b m`a XT[[c`a f `b m] aOll`abZT[ X` j TXkm`a aTOa ]p`[ba 
 p`a XT[[c`a V n 	Z[
bcP

b X` b`mm`a b`pe[ZyO`a `ab d]P `u`jdm` ]_cPc d TOP ``pbO`P X`a XZ]l[TabZpa j cXZp]Ou
aOP X`a s]a`a X` XT[[c`a X` d]bZ`[ba f `[ pZs m][b d]P `u`jdm` XZ cP`[ba lPTOd `a X` d]
bZ`[ba ]bb`Z[ba X 	O[` j ]m]XZ` XT[[c` f P` cb][b ]Z[aZ XZcP`[b`a p]Oa`a d TaaZs m`a d TOP m]
j ]m]XZ` V \ ` j

j` f p`bb` b`pe[ZyO` d `Ob

bP` ObZmZac` `[ ][]mQa` XO Y`s f `[ ][]mQa` X`a
XT[[c`a b`ubO`mm`a f `[ ][]mQa` X` _`[b`a f `[ sZTZ[UTPj ]bZyO` f `[ ][]mQa` lc[cbZyO` f `bp V
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n 	Ts  `pbZU XO pmOab`PZ[l `ab X` P`lPTOd `P O[ `[a`jsm` X` XT[[c`a X` m] j ][ZkP` m]








`ab sZ`[ aP ]jsZlO
`b m` dmOa aTO_`[b UTPj ]mZac` d]P m 	Ts  `pbZU X` Xc[ZP X`a lPTOd `a X 	Ts  `ba b`ma yO` m]
aZj Zm]PZbc `[bP` Ts  `ba X 	O[ j

j` lPTOd ` aTZb j ]uZj ]m` `b yO` m] aZj Zm]PZbc `[bP` Ts  `ba
X` lPTOd `a XZ cP`[ba aTZb j Z[Zj ]m` V
n` dPTsmkj ` `ab ]mTPa X` Xc[ZP p`bb` [TbZT[ X` aZj Zm]PZbc `[bP` Ts  `ba V tQdZyO`j `[b f
m] aZj Zm]PZbc `[bP` Ts  `ba `ab `abZj c` d]P O[` UT[pbZT[ p]mpOm][b m] XZab][p` `[bP` p`a
Ts  `ba V ^[` UTZa p`bb` UT[pbZT[ XZab][p` Xc[Z` f m] bpe` X` pmOab`PZ[l pT[aZab` ]mTPa 

PcXOZP` ]O j ]uZjOj m] XZab][p` `[bP` j `jsP`a X 	O[ j

j` pmOab`P bTOb `[ ]Olj `[b][b
]O j ]uZjOj m] XZab][p` `[bP` pmOab`Pa V
i`bb` _ZaZT[ X` m 	]ddP`[bZaa]l` [T[ aOd `P_Zac pT[bP]Z[b XT[p 
 XZad Ta`P X 	O[` XZa
b][p` Xc[Z` aOP m` m][l]l` X` X`apPZdbZT[ X`a Ts  `ba V

Z[aZ f X`Ou Ts  `ba dPT pe`a a`mT[
p`bb` XZab][p` a`PT[b pT[aZXcPca pTjj` aZj Zm]ZP`a f `b ]O pT[bP]ZP` f X`Ou Ts  `ba acd]Pca
d]P O[` m]Pl` XZab][p` a`PT[b pT[aZXcPca pTjj` XZcP`[ba V
n` peTZu X` p`bb` j `aOP` X` XZab][p` `[bP` Ts  `ba `ab bPka Zjd TPb][b V q ]me`OP`Oa`
j`[b f bPTd aTO_`[b f Zm a 	]lZb X 	O[ peTZu ]PsZbP]ZP` f a`[aZs m` 
 m] P`dPca`[b]bZT[ X`a Ts  `ba f
`b yOZ bP]Zb` bTOa m`a ]bbPZsOba X` m] j

j` j ][ZkP` V
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^[` aTmObZT[ d TOP d]mmZ`P 
 p`bb` mZj Zb]bZT[ `ab p`mm` X` m] dPZa` `[ pTjdb` X` m]
pT[[]Zaa][p` X 	O[ `ud `Pb f yOZ ZX`[bZ`P] p`Pb]Z[a ]bbPZsOba f pT[aZXcPca pTjj` dmOa d `P
bZ[`[ba yO` X 	]ObP`a d TOP m` dPTsmkj ` pT[aZXcPc f `b m`OP ]bbPZsO`P] O[ d TZXa dmOa Zjd TP
b][b mTPa XO p]mpOm X`a XZab][p`a `[bP` Ts  `ba V
i`d `[X][b f p`bb` aTmObZT[ X`_Z`[b bPka XZ pZm` 
 j`bbP` `[ O_P` mTPayO` m` [TjsP`
X 	]bbPZsOba XcpPZ_][b m`a XT[[c`a `ab bPTd lP][X f TO yO 	Zm [ 	Q ] d]a X 	`ud `Pb eOj ]Z[ V
\ Z cP`[b`a j cbeTX`a T[b XT[p cbc dPTd Tac`a d TOP ` `pbO`P O[` acm`pbZT[ TO O[` `ubP]p
bZT[ ]ObTj ]bZyO` X 	]bbPZsOba dPc]m]sm` 
 m 	]ddP`[bZaa]l` V n`a Ts  `ba aT[b ]mTPa dPT `bca
X][a O[ `ad]p` X` b]Zmm` Z[UcPZ`OP` 
 m 	`ad]p` Z[ ZbZ]m X` X`apPZdbZT[ f j ]Za bTOa P`ab`[b
XcpPZba d]P m` j

j` `[a`jsm` X 	]bbPZsOba V
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\` [TO_`mm`a XZ pOmbca ]dd]P]Zaa`[b mTPayO` m 	T[ b`[b` X` dP`[XP` `[ pTjdb` m` U]Zb
yO` p`Pb]Z[a ]bbPZsOba pTjdTa][b m`a XT[[c`a T[b dmOa TO j TZ[a X 	Zjd TPb][p` X][a m]
pT[abPOpbZT[ X` p`Pb]Z[a pmOab`Pa V







 V S]P `u`jdm` f X][a m` p]a T m 	T[ pe`Ppe` 
 Xcb`Pj Z[`P
yO`mm`a aT[b m`a d `PaT[[`a yOZ T[b O[ PZayO` p]PXZT_]apOm]ZP` f T[ a 	]d `PTZb yO` pe` m`a
U`jj `a f m` PZayO` `ab ]j `[c d]P m` XZ]s kb` f `b yO` m` b]Ou X` peTm`abcPTm f j

j` cm`_c f
[ 	] yO` d `O X 	Zjd TPb][p` V 	 m 	Z[_`Pa` f pe` m`a eTjj`a f m` b]Ou X` peTm`abcPTm a`P]





\ ][a m` p]a X` m 	]ddP`[bZaa]l` [T[ aOd `P_Zac f m] j

j` dPTsmcj ]bZyO` a` d Ta` p]P
p`Pb]Z[a ]bbPZsOba d `O_`[b

bP` XZapPZj Z[][ba d TOP m] UTPj ]bZT[ X 	O[ p`Pb]Z[ pmOab`P f
]mTPa yO` p`a j

j`a ]bbPZsOba d `O_`[b a 	]_cP`P d `O Pc_cm]b`OPa d TOP m] UTPj ]bZT[ X 	O[
]ObP` pmOab`P V n`
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X][a m`yO`m a`PT[b dm]pca m`a ]bbPZsOba _] XT[p Xcb`Pj Z[`P m]
d `PbZ[`[p` X` m`OP dPZa` `[ pTjdb` d TOP m` pmOab`PZ[l V
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ObP`j `[b XZb f bTOa m`a ]bbPZsOba
[` aT[b d]a UTPpcj `[b ObZm`a `b m`a ]bbPZsOba d `PbZ[`[ba [` aT[b d]a [cp`aa]ZP`j `[b m`a
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j`a X 	O[ pmOab`P 
 m 	]ObP` V
wP f U]p` 
 p`bb` dPTsmcj ]bZyO` f m] aZjdm` ObZmZa]bZT[ X` m] [TbZT[ X` XZab][p` `[bP`
Ts  `ba _] cpeTO`P V W[ ` `b f m] XZab][p` `[bP` X`Ou Ts  `ba cb][b Xc[Z` lmTs]m`j `[b f
p`bb` b`pe[ZyO` [` d TOPP] dP`[XP` `[ pTjdb` m` U]Zb yO` p`bb` XZab][p` d `Ob _]PZ`P a`mT[
m` pT[b`ub` f p 	`ab
XZP` a`mT[ m` pmOab`P pT[aZXcPc V n] lOP`  V
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jT[bP` m 	`u`jdm` X 	O[
b`m  `O X` XT[[c`a X][a m`yO`m aT[b dPca`[ba dmOaZ`OPa pmOab`Pa p]P]pbcPZaca d]P p`Pb]Z[a
]bbPZsOba yOZ m`OP aT[b dPTdP`a V
S]P `u`jdm` f aZ m 	T[ pT[aZXkP` m` lPTOd ` UTPj c d]P m 	`[a`jsm` X`a Ts  `ba P`dPca`[bca
d]P X`a PT[Xa f T[ P`j ]PyO` yO 	Zm `ab p]P]pbcPZac d]P X` U]Zs m`a _]m`OPa aOP m] XZj `[aZT[
X
`b X`a _]m`OPa cm`_c`a aOP m] XZj `[aZT[
Z
  d]P pT[bP` f m`a _]m`OPa d TaaZs m`a X` p`a
Ts  `ba aOP m] XZj `[aZT[
Y
pTO_P][b m 	`[a`jsm` X` m 	Z[b`P_]mm` X` Xc[ZbZT[ X`
Y
f p`bb`
XZj `[aZT[ [ 	]ZX` d]a 
 m`a XZcP`[pZ`P X`a ]ObP`a Ts  `ba V n` aTOa`ad]p` X` X`apPZdbZT[
X` p` lPTOd ` `ab XT[p
X×Z V \ ` j j` f m` aTOa`ad]p` X` X`apPZdbZT[ XO lPTOd ` X 	Ts  `ba
P`dPca`[bca d]P X`a bPZ][lm`a `ab
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Wu`jdm` X` yO]bP` pmOab`Pa Xc[Za X][a X`a aTOa`ad]p`a XZ cP`[ba V
[` UTOP[Zb ]OpO[` Z[UTPj ]bZT[ aOP m`OP ]dd]Pb`[][p` 
 p` lPTOd ` V
S]P p`b `u`jdm` f T[ _TZb XT[p sZ`[ yO` d TOP O[ j

j` `[a`jsm` X 	Ts  `ba f XZcP`[ba
lPTOd `a d `O_`[b

bP` p]P]pbcPZaca `[ UT[pbZT[ X` XZcP`[ba aTOa`[a`jsm`a X`a ]bbPZsOba
Z[ ZbZ]Ou V wP a][a p`bb` dPZa` `[ pTjdb` XO pT[b`ub` X][a m`yO`m m`a pmOab`Pa aT[b UTP
jca f p`OupZ [` d `O_`[b
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V \ ][a m` dP`j Z`P p]a f O[` eZcP]PpeZ`
X` pmOab`Pa `ab UTPj c` X` b`mm` j ][ZkP` yO` dmOa T[ X`ap`[X X][a m] eZcP]PpeZ` f d mOa m`a
pmOab`Pa aT[b ad cpZyO`a 
 O[ p`Pb]Z[ [TjsP` X 	Ts  `ba pT[aZXcPca pTjj` aZj Zm]ZP`a V
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 `ba f
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XZP` yO` pe]yO` Ts 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 O[ O[ZyO` pmOab`P V
\ ][a m` p]a XO pmOab`PZ[l eZcP]PpeZyO` f X`Ou lP][X`a j cbeTX`a a` XZabZ[lO`[b R
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V m`a j cbeTX`a ]ap`[X][b`a f yOZ Xcj ]PP`[b ]_`p ]Ob][b X` pmOab`Pa yO` X 	Ts  `ba dOZa
UOaZT[[`[b aOpp`aaZ_`j `[b m 	`[a`jsm` X`a pmOab`Pa a`mT[ O[ p`Pb]Z[ pPZbkP` OayO 	

p` yO` bTOa m`a Ts  `ba aTZ`[b []m`j `[b P`lPTOd ca X][a O[ O[ZyO` pmOab`P abT pc 

m] P]pZ[` X` m] eZcP]PpeZ`  




 V `b m`a j cbeTX`a X`ap`[X][b`a f yOZ Xcj ]PP`[b ]_`p O[ O[ZyO` pmOab`P P`lPTOd][b
m 	`[a`jsm` X`a Ts  `ba f dOZa XZ_ Za`[b aOpp`aaZ_`j `[b m`a pmOab`Pa a`mT[ O[ p`Pb]Z[
pPZbkP` OayO 	
 p` yO` bTOa m`a Ts  `ba a` P`bPTO_`[b X][a X`a pmOab`Pa XZ cP`[ba
abTpca ]Ou U`OZmm`a X` m] eZcP]PpeZ` V
w[ P`bPTO_` XT[p 
 p` [Z_`]O m] XZcP`[p` pm]aaZyO` `[ ]ddP`[bZaa]l` `[bP` lc[cP]
mZa]bZT[ `b ad cpZ]mZa]bZT[ R m`a j cbeTX`a ]ap`[X][b`a Xcj ]PP`[b ]_`p O[` aTmObZT[ bTOb

 U]Zb ad cpZyO` ]Ou XT[[c`a f yOZ `ab `[aOZb` lc[cP]mZac` 
 pe]yO` cb]d ` f ]mTPa yO` m`a
j cbeTX`a X`ap`[X][b`a Xcj ]PP`[b ]_`p O[` aTmObZT[ pTjdmkb`j `[b lc[cP]m` f yOZ `ab
`[aOZb` ad cpZ]mZac` 
 pe]yO` cb]d ` V












`ab s]ac aOP m 	eQd Tbeka` yO` m`a XT[[c`a T[b cbc lc[cPc`a `[
aOZ_][b O[` p`Pb]Z[` mTZ X` XZabPZsObZT[ f m` sOb cb][b ]mTPa X` bPTO_`P m`a d]P]j kbP`a
X` p`bb` XZabPZsObZT[ f ]Z[aZ yO` m`a d]P]j kbP`a p]peca Xcb`Pj Z[][b m 	]dd]Pb`[][p`

























 d]PpTOPZP m 	`ad]p` X`a d]PbZbZT[a d TaaZs m`a a`mT[
p`Pb]Z[`a e`OPZabZyO`a f `b 












] d TOP sOb X 	ZX`[bZ`P X][a m 	`ad]p` m`a T[`a
X` UTPb` X`[aZbc `[bTOPc`a d]P X`a T[`a X` U]Zs m` X`[aZbc d TOP m] UTPj ]bZT[ X`a
pmOab`Pa  















ObZmZa` O[` lPZmm` d TOP
d]PbZbZT[[`P m 	`ad]p` X` X`apPZdbZT[ X`a Ts  `ba `[ XZcP`[b`a p`mmO m`a f dOZa ZX`[bZ`

















 UTPj `P m` lP]de` pT[[`pb][b m`a Ts  `ba
`[bP` `Ou `b XT[b m] aTjj ` X`a _]m`OPa X`a ]Ppa f pTPP`ad T[X][b ]Ou XZab][p`a
`[bP` m`a Ts  `ba f `ab j Z[Zj ]m` f dOZa 
 aOddPZj `P m`a ]Ppa X` _]m`OPa j ]uZj ]m`a
d TOP UTPj `P m`a pmOab`Pa  









 dPT `b`P ZbcP]bZ_`j `[b m`a Ts  `ba
X][a X`a aTOa`ad]p`a X` _]PZ][p` j ]uZjOj f dOZa 
 ObZmZa`P O[` j cbeTX` X` d]P
bZbZT[[`j `[b X][a X` b`ma aTOa`ad]p`a d TOP acd]P`P m`a XT[[c`a V
\ ZcP`[b`a j cbeTX`a
 	
T[b cl]m`j `[b cbc dPTd Tac`a yOZ j cm][l`[b m`a p]P]p
bcPZabZyO`a X`a j cbeTX`a eZcP]PpeZyO`a `b X`a j cbeTX`a d]P d]PbZbZT[ f pe`Ppe][b ]Z[aZ 

s c[cpZ`P X`a ]bTOba X` pe]yO` j cbeTX` V
W[[ f O[` ]ObP` U]j Zmm` X` j cbeTX`a ]Q][b d TOP Ts  `pbZU X` a 	]bb]yO`P 
 m] dPT
smcj ]bZyO` XO pT[b`ub` c_TyOc` X][a m] a`pbZT[ dPcpcX`[b` `ab ]dd]PO` P`m]bZ_`j `[b








S]PaT[a `b ]m Vf ;;  f
`mm`a T[b d TOP Ts  `pbZU X` pZs m`P aZjOmb][cj `[b m`a lPTOd `a X 	Ts  `ba dPca`[ba X][a m`a
XT[[c`a ]Z[aZ yO` m`a aTOa`ad]p`a ad cpZyO`a X][a m`ayO`ma p`a lPTOd `a aT[b Xc[Za V
i`a j cbeTX`a aT[b dmOa lc[cP]m`a yO 	O[` j cbeTX` X` pmOab`PZ[l yOZ ObZmZa` O[` de]a`
Z[ ZbZ]m` X` acm`pbZT[ TO X 	`ubP]pbZT[ X 	]bbPZsOba p]P m`a aTOa`ad]p`a aT[b ad cpZyO`a 
















 X][a m`a s]a`a X` XT[[c`a pT[b`[][b X`




   
 
pmOab`Pa dOZayO` pe]yO` pmOab`P `ab XcpPZb d]P O[ [TjsP` P`abP`Z[b X 	]bbPZsOba yOZ mO Z
aT[b ad cpZyO`a V \ `Ou lP][X`a U]j Zmm`a X` aOsad]p` pmOab`PZ[l a` XZabZ[lO`[b R

V m`a j cbeTX`a ]ap`[X][b`a aOP m`a XZj `[aZT[a f pT[aZXcP][b X`a aTOa`ad]p`a X` XZ
j`[aZT[]mZbc pPTZaa][b` `b pZs m][b `[aOZb` m`a lPTOd `a X 	Ts  `ba `u Zab][b X][a p`a
aTOa`ad]p`a  
 V `b m`a j cbeTX`a X`ap`[X][b`a aOP m`a XZj `[aZT[a f ObZmZa][b XZ cP`[b`a b`pe[ZyO`a
d `Pj `bb][b X` pZs m`P m`a aTOa`ad]p`a ad cpZyO`a 
 p`Pb]Z[a lPTOd `a X 	Ts  `ba pT[aZ
XcPca V
iTjj` [TOa m 	]_T[a Xc 
 c_TyOc f ]OpO[` j cbeTX` X` pmOab`PZ[l [` d `Ob

bP` pT[aZ
XcPc` pTjj` j `Zmm`OP` yO` bTOb`a m`a ]ObP`a aOP m 	`[a`jsm` X`a dPTsmkj `a `[_Za]l`]sm`a V
w[ pT[aZXkP` dmObb yO` p`Pb]Z[`a j cbeTX`a aT[b dmOa ]X]dbc`a yO` X 	]ObP`a X][a p`P
b]Z[a p]a V

[ X 	]ZX`P m`a ObZmZa]b`OPa 
 U]ZP` m`OP peTZu d]Pj Z m`a [TjsP`Oa`a j cbeTX`a
`u Zab][b`a `[ UT[pbZT[ X` m 	]ddmZp]bZT[ pZsmc` f [TOa dPTd TaT[a ZpZ O[ `[a`jsm` X` pPZbkP`a




bTOb X 	]s TPX f m`a pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP aT[b
O[ dP`j Z`P pPZbkP` ZjdTPb][b 
 dP`[XP` `[ pTjdb` X][a m` peTZu X` m] j cbeTX`  
Zm a 	]lZb aTO_`[b X 	Z[UTPj ]bZT[a pT[p`P[][b m` [TjsP` X` pmOab`Pa P`pe`Ppeca f m]
XZab][p` j Z[Zj ]m` `[bP` pmOab`Pa XZa TZ[ba f TO m] X`[aZbc j Z[Zj ]m` 
 m 	Z[bcPZ`OP X`a
pmOab`Pa  

T[ d `Ob `[aOZb` XZcP`[pZ`P m`a j cbeTX`a `[ UT[pbZT[ X` m`OP U]T[ X` dPca`[b`P
m`a PcaOmb]ba   T[ d `Ob `[ d]PbZpOmZ`P XZ cP`[pZ`P m`a j cbeTX`a UTOP[Zaa][b `[ aTPbZ`
O[` eZcP]PpeZ` X` pmOab`Pa X`a j cbeTX`a UTOP[Zaa][b `[ aTPbZ` O[` d]PbZbZT[ X`
m 	`[a`jsm` X`a Ts  `ba  

m] pTjdm`uZbc X`a j cbeTX`a `ab c_ZX`jj `[b cl]m`j `[b O[ pPZbkP` Zjd TPb][b 

pT[aZXcP`P   `[ d]PbZpOmZ`P f Zm `ab ]Xj Za yO` m] pTjdm`u Zbc X`a j cbeTX`a XTZb

bP`
mZ[c]ZP` `[ UT[pbZT[ XO [TjsP` X 	Ts  `ba X][a m` p]a X` m]Pl`a s]a`a X` XT[[c`a  
Zm U]Ob Xka mTPa c_Zb`P bTOb` j cbeTX` s]ac` aOP m` p]mpOm X`a XZab][p`a X`Ou 

X`Ou `[bP` Ts  `ba f j `[][b 
 O[` pTjdm`u Zbc yO]XP]bZyO` `[ UT[pbZT[ XO [TjsP`
X 	Ts  `ba  

Zm `ab cl]m`j `[b d TaaZs m` X` XZabZ[lO`P m`a j cbeTX`a Xcb`Pj Z[Zab`a X`a j cbeTX`a
abTpe]abZyO`a R ]_`p m`a j

j`a XT[[c`a `[ `[bPc` f O[ ]mlTPZbej ` Xcb`Pj Z[Zab`
`ucpOb`P] bTO TOPa m] j

j` aOZb` X 	Td cP]bZT[a `b UTOP[ZP] XT[p bTO TOPa m` j

j`
PcaOmb]b ]mTPa yO 	O[` j cbeTX` abTpe]abZyO` d TOPP] XT[[`P X`a PcaOmb]ba XZcP`[ba
p]P `mm` d `Pj `b m 	`ucpObZT[ X 	Td cP]bZT[a ]mc]bTZP`a  

O[` ]ObP` p]P]pbcPZabZyO` yOZ d `Ob a` Pc_cm`P Zjd TPb][b` d TOP m`a j cbeTX`a X`
pmOab`PZ[l `ab m`OP p]d]pZbc X` bP]Zb`P X`a XT[[c`a X` U]T[ Z[pPcj `[b]m` f p 	`ab

XZP` `[ m`a Z[bclP][b ]O UOP `b 
 j`aOP` X` m`OP ]PPZ_c` X][a m 	]mlTPZbej `   

m 	Z[_`Pa` f O[` j cbeTX` [T[Z[pPcj `[b]m` _] pT[aZXcP`P O[ `[a`jsm` X` XT[[c`a
UTOP[Z`a `[ `[bPc` `b a`P] `ucpObc` aOP p`b `[a`jsm` X` XT[[c`a f `b aZ d]P m] aOZb`
O[` [TO_`mm` XT[[c` X`_]Zb












f p]d]sm`a X` UTOP[ZP
O[ PcaOmb]b Z[b`Pj cXZ]ZP` f j

j` aTOaTdbZj ]m f 
 [ 	ZjdTPb` yO`m j Tj `[b XO Xc




PTOm`j `[b X` m] j cbeTX` f X`a j cbeTX`a [cp`aaZb][b m 	]ppTjdmZaa`j `[b bTb]m X` m]
j cbeTX` ]_][b X 	

bP` p]d]sm` X` UTOP[ZP O[ PcaOmb]b  





yOZ ]aaT pZ`[b 
 pe]yO` Ts  `b O[
O[ZyO` pmOab`P f X`a j cbeTX`a
 
yOZ ]aaT pZ`[b 
 pe]yO` Ts  `b O[ X`lPc _]PZ]sm`
X 	]dd]Pb`[][p` 
 pe]pO[ X`a pmOab`Pa UTPj ca   [TbT[a X 	]Zmm`OPa Xka 









`[ ]aaZl[][b pe]yO` Ts  `b ]O
pmOab`P XT[b m] j `aOP` X 	]dd]Pb`[][p` `ab m] dmOa UTPb`  

O[` ]ObP` XZabZ[pbZT[ d TaaZs m` pT[p`P[` m] p]d]pZbc X`a j cbeTX`a 
 dP`[XP` `[
pTjdb` TO [T[ m] dPTsmcj ]bZyO` XO pT[b`ub` c_TyOc` dPcpcX`jj`[b   ]ObP`j `[b
XZb f T[ XZabZ[lO` 
 p` [Z_`]O m`a j cbeTX`a X` aOsad]p` pmOab`PZ[l X`a j cbeTX`a
X` pmOab`PZ[l bP]XZbZT[[`m  

Zm d `Ob cl]m`j `[b

bP` ObZm` d TOP O[` j cbeTX` X 	

bP` p]d]sm` X` lcP`P m` sPOZb
yOZ d `Ob `uZab`P X][a m`a XT[[c`a f p 	`ab
XZP` m] d TaaZs m` dPca`[p` X 	Ts  `ba yOZ [`
aOZ_`[b d]a m] XZabPZsObZT[ lc[cP]m` X`a ]ObP`a Ts  `ba  

`[ d]PbZpOmZ`P f Zm a 	]_kP` aTO_`[b ObZm` X 	








f ZmmOabPc d]P m] lOP`  V `b yOZ U]Zb yO` X`a pmOab`Pa dPTpe`a j ]Za
XZabZ[pba d `O_`[b



























 !   V

SPTsmcj ]bZyO` X` m 	``b X` pe][` V

`[[ f O[ ]ObP` pPZbkP` yOZ d `Ob a 	]_cP`P ZjdTPb][b `ab m` bQd ` X` pmOab`Pa yO` m]
j cbeTX` `ab p]d]sm` X` Xcb`pb`P   `[ d]PbZpOmZ`P f Zm `ab aTO_`[b ObZm` X 	

bP` p]d]sm`
X` Xcb`pb`P X`a pmOab`Pa X` b]Zmm`a TO X` X`[aZbca _]PZc`a f pTjj ` X][a m` p]a X` m]




j` f Zm `ab X][a p`Pb]Z[a p]a ObZm` yO 	O[` j cbeTX` X` pmOab`PZ[l aTZb p]d]sm`
X 	ZX`[bZ`P X`a pmOab`Pa X` UTPj ` yO`mpT[yO` f `b ]OaaZ c_`[bO`mm`j `[b X`a pmOab`Pa
pT[p`[bPZyO`a f p 	`ab
XZP` Z[apPZba m`a O[a X][a m`a ]ObP`a f pTjj ` X][a m` p]a X`
m] lOP`  V V
v Z[]m`j `[b f m` b]sm`]O  V

PcaOj ` m 	`[a`jsm` X` p`a pPZbkP`a ]aaT pZca ]Ou j cbeTX`a
X` pmOab`PZ[l f ]_`p m`OPa _]m`OPa d TaaZs m`a V 6 b][b XT[[c yO` d TOP pe]pO[` X`a j cbeTX`a
lc[cP]m`a X` pmOab`PZ[l f dmOaZ`OPa ]mb`P[]bZ_`a aT[b `[_Za]l`]sm`a f [TOa [` dPca`[b`PT[a
yO` m`a p]P]pbcPZabZyO`a ]aaT pZc`a 





























 !   Vo






















 !   V

SPTsmcj ]bZyO` X`a pmOab`Pa X` UTPj `a _]PZc`a `b pT[p`[bPZyO`a V
  	








pT[[]Zaa][p`a ] dPZTPZ 
dPca`[b]bZT[ X`a PcaOmb]ba 
pTjdm`u Zbc 
Xcb`Pj Z[Zab` TOZ  [T[
Z[pPcj `[b]m TOZ  [T[
][Q bZj ` TOZ  [T[
e]PX TOZ  [T[
dPZa` `[ pTjdb` XO pT[b`ub` TOZ  [T[
bTmcP][p` ]O sPOZb TOZ  [T[
bTmcP][p` 
 m 	``b X` pe][` TOZ  [T[
bTmcP][p` ]Ou pmOab`Pa X` b]Zmm`a _]PZc`a TOZ  [T[
bTmcP][p` ]Ou pmOab`Pa X` X`[aZbca _]PZc`a TOZ  [T[
bTmcP][p` ]Ou pmOab`Pa X` UTPj ` yO`mpT[yO` TOZ  [T[
bTmcP][p` ]Ou pmOab`Pa pT[p`[bPZyO`a TOZ  [T[
   V


i]P]pbcPZabZyO`a ]aaT pZc`a ]Ou j cbeTX`a X` pmOab`PZ[l V
  
(1)(-0, /+ *)1-(-
W[ ]ddP`[bZaa]l` aOd `P_Zac pTjj` `[ ]ddP`[bZaa]l` [T[ aOd `P_Zac f m 	c_]mO]bZT[ X`a
PcaOmb]ba X 	O[` j cbeTX` XT[[c` f X` j

j` yO` m] pTjd]P]ZaT[ X` XZcP`[b`a j cbeTX`a f






`ab O[` j cbeTXTmTlZ`
m]Pl`j `[b ObZmZac` d TOP m 	c_]mO]bZT[ `[ pm]aaZp]bZT[ aOd `P_Zac` f s Z`[ yO` pT[b`abc` X][a

x`[lZT ][X hP][X_]m`b f ;;  f m 	c_]mO]bZT[ X` m] d `PbZ[`[p` X`a lPTOd `a UTPj ca `[
pm]aaZp]bZT[ [T[ aOd `P_Zac` P`ab` O[ dPTsmkj ` TO_`Pb V n] XZ pOmbc _Z`[b dPZ[pZd]m`j `[b
XO U]Zb yO` m 	c_]mO]bZT[ X`a PcaOmb]ba X 	]mlTPZbej `a X` pmOab`PZ[l `ab aOs  `pbZ_` d]P
[]bOP` p]P Zm `u Zab` aTO_`[b XZ cP`[ba P`lPTOd `j `[ba d `PbZ[`[ba d TaaZs m`a d TOP O[ j

j`
 `O X` XT[[c`a V
W[ dP]bZyO` f Zm `u Zab` yO]bP` j cbeTX`a dPZ[pZd]m`a d TOP j `aOP`P m] yO]mZbc X`a PcaOm
b]ba X 	]mlTPZbej `a X` pmOab`PZ[l f j ]Za pe]pO[` aTO P` X` XZ cP`[b`a mZj Zb]bZT[a V

V ^ bZmZa`P X`a XT[[c`a ]PbZpZ`mm`a d TOP m`ayO`mm`a m` P`lPTOd `j `[b ]bb`[XO `ab pT[[O f








V q ]Za m`a j cbeTX`a aT[b ]mTPa c_]mOc`a O[ZyO`j `[b aOP m`a
XZabPZsObZT[a ad cpZyO`a pTPP`ad T[X][b`a f `b m`a PcaOmb]ba aOP XT[[c`a ]PbZpZ`mm`a
[` d `O_`[b d]a

bP` lc[cP]mZaca ]Ou XT[[c`a Pc`mm`a V
 V ^ bZmZa`P X`a  `Ou X` XT[[c`a cbZyO`bca `b Tsa`P_`P aZ m] j cbeTX` P`bPTO_` m`a pm]aa`a
Z[ ZbZ]m`a V q ]Za m`a pm]aa`a X 	O[ dPTsmkj ` aOd `P_Zac [` pTPP`ad T[X`[b d]a [cp`aa]ZP`
j`[b ]Ou lPTOd `a yO 	Zm `ab d `PbZ[`[b X 	ZX`[bZ`P d TOP O[` j cbeTX` [T[ aOd `P_Zac` f
X 	]ObP`a P`lPTOd `j `[ba d TO_][b

bP` dmOa ]ddPTdPZca V
o V ^ bZmZa`P X`a pPZbkP`a [Oj cPZyO`a f b`ma m 	Z[`PbZ` Z[bP]pmOab`P TO m] acd]P]bZT[ Z[b`P
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 
d]Pb Zjd TPb][b` X` aOs  `pbZ_ Zbc p]P Zma ObZmZa`[b X`a [TbZT[a dPcXc[Z`a X` p` yO 	`ab
O[ s T[ pmOab`PZ[l V S]P `u`jdm` f m] acd]P]bZT[ X`a pmOab`Pa [ 	`ab d]a bTO TOPa O[
s T[ pPZbkP` 




 V ^ bZmZa`P O[ `ud `Pb d TOP c_]mO`P m` a`[a X 	O[ pmOab`PZ[l XT[[c X][a O[ pe]jd X 	]d
dmZp]bZT[ ad cpZyO` V q ]Za a 	Zm `ab d TaaZs m` 
 O[ `ud `Pb X` XZP` aZ O[ P`lPTOd `j `[b
XT[[c ] XO a`[a f Zm `ab s `]OpTOd dmOa dPTsmcj ]bZyO` X` yO][bZ`P aT[ Z[bcP

b TO X`
XZP` aZ O[ P`lPTOd `j `[b `ab j `Zmm`OP yO 	O[ ]ObP` V \ ` dmOa f m 	Z[bcP





 XZ cP`[ba bQd `a X`  `Ou X` XT[[c`a V
W[ dP]bZyO` f T[ pTjj`[p` aTO_`[b d]P b`ab`P m` pTjd TPb`j `[b X` m] j cbeTX` X`
pmOab`PZ[l c_]mOc` U]p` 
 X`a  `Ou X` XT[[c`a ]PbZpZ`ma f p]P p`m] d `Pj `b X 	Tsa`P_`P aT[
` p]pZbc X][a XZ cP`[b`a aZbO]bZT[a pT[bP mc`a f `b XT[p X` _cPZ`P a`a dPTdPZcbca V

dPka
O[` b`mm` de]a` dPcmZj Z[]ZP` f Zm `ab `[aOZb` [cp`aa]ZP` X` pT[UPT[b`P m] j cbeTX` 
 X`a
p]a X 	]ddmZp]bZT[a Pc`ma V rm U]Ob ]mTPa XZad Ta`P X 	O[ `ud `Pb XO XTj ]Z[` cbOXZc d TOP yO 	Zm
j `bb` `[ ]_][b m] d `PbZ[`[p` X`a PcaOmb]ba UTOP[Za V i`d `[X][b f j

j` aZ O[` j cbeTX`
TsbZ`[b X`a PcaOmb]ba a]bZaU]Za][ba mTPa X` p`a X`Ou cb]d `a f aT[ ` p]pZbc [ 	`ab d]a l]P][bZ`
X][a X 	]ObP`a p]a X 	]ddmZp]bZT[a Pc`ma p]P f pTjj ` [TOa m 	]_T[a c_TyOc dPcpcX`jj`[b f
m`a dPTdPZcbca X`a XT[[c`a `b m`a pPZbkP`a X 	Z[bcP

b XO pmOab`PZ[l d `O_`[b _]PZ`P X 	O[`
]ddmZp]bZT[ 
 m 	]ObP` V
   
-(-0,
iTjj` [TOa m 	]_T[a j TbZ_c X][a m] a`pbZT[

V f [TOa pT[aZXcPT[a X][a m] j ] `OP`




N×M f ]_`p N m` [TjsP` X 	Ts  `ba X` m] s]a` `b M m` [TjsP` X` XZj `[aZT[a UTPj ][b
m 	`ad]p` X` X`apPZdbZT[
S
X`a Ts  `ba V w[ [Tb`P] −→xi = (xi1, ..., xiM ) f d TOP i ∈ [1, N ] f m`
ieme
Ts  `b X` m] s]a` f
xid
pTPP`ad T[X][b 
 a] _]m`OP aOP m] XZj `[aZT[
d
V
w[ aOddTa`P] yO` bTOb` XZj `[aZT[ [Oj cPZyO` `ab [TPj ]mZac` b`mm` yO` m 	Z[b`P_]mm` X`




Z[aZ f T[ c_Zb` yO 	O[` XZj `[aZT[ Xc[Z` aOP O[ Z[b`P_]mm`
Z[ ZbZ]m d mOa m]Pl` [ 	]Zb dmOa X 	Z[ O`[p` yO 	O[` XZj `[aZT[ Xc[Z` aOP O[ Z[b`P_]mm` dmOa
PcXOZb V i`bb` de]a` a`P] p`d `[X][b c_Zbc` aZ T[ a` dm]p` X][a m` p]XP` X 	O[` ]ddmZp]bZT[
T m 	`ad]p` X` X`apPZdbZT[ ] O[ a`[a lcTj cbPZyO` R m 	`ad]p` `OpmZXZ`[ X][a m` p]XP` X` m]





m 	`[a`jsm` X`a j TX]mZbca d TaaZs m`a aOP p`bb` XZj `[aZT[ f
`b
Frequencesd
m`a UPcyO`[p`a X` p`a j TX]mZbca aOP m 	`[a`jsm` X` m] s]a` V
w[ [Tb`P]
K




X` p`a pmOab`Pa f
Dk
m 	`[




m` [TjsP` X` p`a Ts  `ba ]aaT pZca f
`b
P
m] d]PbZbZT[ pPcc` pTjdTac` X` m 	`[a`jsm` X`a pmOab`Pa
Ck
dTOP
k ∈ [1,K] V S]P
`u`jdm` f d TOP m` pmOab`P
C1
X` m] lOP`  V f T[ ]OP]
D1 = {1, 2, 3, 4} `b N1 = 4 V
W[[ f d TOP m`a j cbeTX`a X` aOsad]p` pmOab`PZ[l yOZ ]aaTpZ`[b 
 pe]yO` pmOab`P
Ck
O[ aTOa`[a`jsm` X`a XZj `[aZT[a X`
S
UTPj ][b aT[ aTOa`ad]p` ad cpZyO` f T[ [Tb`P]
Sk



























 !   V





   
 
rm `u Zab` XZ cP`[b`a U]T[a X` P`dPca`[b`P m`a pmOab`Pa
Ck
f m`a P`dPca`[b]bZT[a m`a dmOa
ObZmZac`a pm]aaZyO`j `[b cb][b m`a aOZ_][b`a R

V aT[






 V m 	O[ X`a j `jsP`a XO pmOab`P f dPT pe` X` aT[ p`[bP` X` lP]_Zbc f ]dd `mc
  
 
o V O[ `[a`jsm` X 	Ts  `ba XZab][ba ]dd]Pb`[][b ]O pmOab`P R bQdZyO`j `[b p`Ou yOZ a`
bPTO_`[b ]Ou UPT[bZkP`a XO pmOab`P R
{i ∈ Dk| ∃ d ∈ S ∀ j ∈ Dk, xid ≥ xjd} ∪ {i ∈ Dk| ∃ d ∈ S ∀ j ∈ Dk, xid ≤ xjd}






X`a Ts  `ba
]dd]Pb`[][b ]O pmOab`P f eQd `PP`pb][lm` j Z[Zj ]m pT[b`[][b m 	`[a`jsm` X`a j `jsP`a
XO pmOab`P R
{[mind,maxd] | d ∈ S `b mind = min{i∈Dk}xid
`b
maxd = max{i∈Dk}xid}
 V TO ab]bZabZyO`j `[b R bQdZyO`j `[b aT[ p`[bPTX` `b a] j ]bPZp` X` pT_]PZ][p` V
\ Z cP`[b`a j `aOP`a X` XZab][p` d `O_`[b

bP` ObZmZac`a d TOP Xc[ZP m] aZj Zm]PZbc `[bP`
Ts  `ba V n] j `aOP` m] dmOa ObZmZac` `ab Z[XOsZb]sm`j `[b m] XZab][p` `OpmZXZ`[[` f dPca`[bc`
pZ]dPka V q ]Za X 	]ObP`a j `aOP`a d `O_`[b cl]m`j `[b















j` f aZ XZ cP`[b`a j `aOP`a d `O_`[b

bP` ObZmZac`a d TOP p]P]pbcPZa`P m]
 
 
X 	O[ pmOab`P f m] j `aOP` m] dmOa aTO_`[b ObZmZac` `ab m` P]XZOa XO pmOab`P f XZab][p`
j TQ`[[` `[bP` j `jsP`a XO pmOab`P `b aT[ p`[bPTX` f 
 jZ[Zj Za`P d TOP j ]uZj Za`P m]
aZj Zm]PZbc X`a Tsa`P_]bZT[a 







x]ac` aOP m` j








   
X 	O[ pmOab`PZ[l `ab m 	`PP`OP yO]XP]bZyO` f m`a aTmObZT[a yOZ j Z[Zj Za`[b p`bb`







W[[ f aZ m 	T[ aTOe]Zb` c_]mO`P m] yO]mZbc X 	O[ pmOab`PZ[l `[ UT[pbZT[ X`a pm]aa`a






XO pmOab`PZ[l aT[b pm]aaZ











Rappel(i, k) = Nik
NCi
Precision(i, k) = Nik
Nk
 !   V

rmmOabP]bZT[ X`a [TbZT[a X` g]dd `m `b X` SPcpZaZT[ V























n] v j`aOP` `ab p]mpOmc` pTjj` aOZb R






F (i, k) =
(1 + β)×Rappel(i, k) × Precision(i, k)
β ×Rappel(i, k) + Precision(i, k)
T
β





 p` yO` m` g]dd `m `b m] SPcpZaZT[ ]Z`[b m] j

j` ZjdTPb][p` R
F (i, k) =
2×Rappel(i, k) × Precision(i, k)










Precision(i, k) × logPrecision(i, k)
Wb []m`j `[b f m 	W[bPTdZ` X 	O[` d]PbZbZT[ `ab c_]mOc` d]P m] aTjj ` X`a W[bPTdZ`a X`








yOZ j ]uZj Za` m] v j`aOP` ]aaTpZc` f TO j Z[Zj Za` m 	W[bPTdZ` ]aaT pZc` f
`ab ]mTPa pT[aZXcPc` pTjj` m] dmOa d `PbZ[`[b` p]P p 	`ab p`mm` yOZ pTPP`ad T[X m` j Z`Ou 









\][a p` pe]dZbP` f [TOa ]_T[a XT[p _O yO 	Zm `u Zab` XZ cP`[b`a ]ddmZp]bZT[a ]O pmOa
b`PZ[l f pe]pO[` ]Q][b O[ Ts  `pbZU XZcP`[b f `b XT[p O[ pPZbkP` X` m] yO]mZbc XO pmOab`
PZ[l yOZ d `Ob

bP` XZ cP`[b V n] dP`j ZkP` cb]d ` X` m] j Za` `[ O_P` TO X` m 	ObZmZa]bZT[
X 	O[` j cbeTX` X` pmOab`PZ[l XTZb d]P pT[acyO`[b

bP` X 	ZX`[bZ`P m 	]ddmZp]bZT[ _Zac` ][
X 	ZX`[bZ`P a`a s `aTZ[a V
 TOa ]_T[a cl]m`j `[b _O yO 	Zm `u Zab` XZcP`[b`a [TbZT[a d TaaZs m`a X` m] aZj Zm]PZbc






`[pTP` f m` peTZu ZjdTPb][b X` m] UT[pbZT[ X` XZab][p` ObZmZac` d TOP c_]mO`P m] aZj Zm]PZbc
`[bP` Ts  `ba XTZb

bP` ``pbOc ]O dPc]m]sm` `[ UT[pbZT[ XO dPTsmkj ` pT[aZXcPc V
rm `u Zab` ]OaaZ X` [TjsP`Oa`a j cbeTX`a X` pmOab`PZ[l XZcP`[b`a ]_`p pe]pO[` a`a
]bTOba `b a`a mZj Zb`a V n` pe]dZbP` aOZ_][b `ab pT[a]pPc 
 m] dPca`[b]bZT[ dmOa Xcb]Zmmc`
X`a j cbeTX`a `uZab][b`a m`a dmOa pm]aaZyO`a `[ pmOab`PZ[l f X]_][b]l` X` Xcb]Zma cb][b
cl]m`j `[b XZad T[Zsm`a `[ ][[`u`a

V
\ ][a m] d]PbZ` rr yOZ aOZb f [TOa dPTd TaT[a `[aOZb` X`Ou [TO_`mm`a j cbeTX`a X` pmOa
b`PZ[l f yOZ dP`[[`[b `[ pTjdb` m] dPTsmcj ]bZyO` Pcp`[b` `b Zjd TPb][b` XO pT[b`ub`
yO` [TOa ]_T[a c_TyOc` f `b yOZ dPca`[b`[b p`Pb]Z[a ]bTOba d]P P]dd TPb ]Ou j cbeTX`a
`u Zab][b`a V
n 	]ddmZp]bZT[ yO` [TOa _ZaT[a pT[p`P[` m 	`ubP]pbZT[ X` pT[[]Zaa][p`a V TOa d TPbT[a
XT[p O[` ]bb`[bZT[ d]PbZpOmZkP` 
 m] j Z[Zj Za]bZT[ XO [TjsP` X` pT[[]Zaa][p`a ] dPZTPZ
P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP f `b 
 m] dPca`[b]bZT[ X`a PcaOmb]ba aTOa O[ UTPj ]b
U]pZm`j `[b Z[b`PdPcb]sm` d]P m 	ObZmZa]b`OP V
W[[ f m] d]PbZ` rr r aOZ_][b` ]s TPX` m] dPTsmcj ]bZyO` TO_`Pb` ZjdTPb][b` X` m 	c_]
mO]bZT[ X][a m` p]XP` XO pmOab`PZ[l V n
 `[pTP` f [TOa _`PPT[a yO` m] [TO_`mm` j cbeTX`
yO` [TOa dPTd TaT[a d TaakX` p`Pb]Z[a ]_][b]l`a d]P P]dd TPb ]Ou j cbeTX`a `u Zab][b`a V
   

   


v]p` ]O [TjsP` Zjd TPb][b X` j cbeTX`a X` pmOab`PZ[l yOZ T[b cbc Xc_`mTdd c`a `b
X 	]mb`P[]bZ_`a yOZ T[b cbc dPTd Tac`a f `[ UTOP[ZP O[` mZab` `ue]OabZ_` X`j ][X`P]Zb aP`
j`[b dmOa X` bPTZa ][a X 	Z[_`abZl]bZT[a `b a`P]Zb dPTs]sm`j `[b bPka XZ pZm` 
 Z[bclP`P
d TOP m` m`pb`OP V \ ][a p` pe]dZbP` f [TOa ]_T[a XT[p peTZaZ X` dPca`[b`P O[ bTOP X 	eTPZT[
X`a j cbeTX`a m`a dmOa pm]aaZyO`a V S mOa X` Xcb]Zma aT[b `[aOZb` dPTd Taca `[ ][[`u`a

V
STOP pe]pO[` X`a j cbeTX`a f [TOa dPca`[bT[a X 	]s TPX aT[ UT[pbZT[[`j `[b lc[cP]m f
]_`p c_`[bO`mm`j `[b XZ cP`[b`a ]mb`P[]bZ_`a d TaaZs m`a f dOZa [TOa j T[bPT[a aT[ ]ddmZ







TOa Xcb]ZmmT[a `[aOZb` a`a ]bTOba `b a`a mZj Zb`a f yO` [TOa PcaOj T[a []m`j `[b 
 m 	]ZX`
XO b]sm`]O X`a p]P]pbcPZabZyO`a ]aaTpZc`a ]Ou j cbeTX`a X` pmOab`PZ[l yO` [TOa ]_T[a
dPTd Tac X][a m` pe]dZbP` dPcpcX`[b V
 
.1)-+*0,  0*(* 0)+
n` UT[X`j `[b XO pmOab`PZ[l eZcP]PpeZyO` `ab X` pPc`P O[` eZcP]PpeZ` X` pmOab`Pa V 	
m] P]pZ[` X` m 	]PsP` `ab ]aaT pZc O[ O[ZyO` pmOab`P pT[b`[][b m 	`[a`jsm` X`a Ts  `ba X` m]
s]a` f dOZa dmOa T[ X`ap`[X X][a m 	]PsP` f d mOa m`a pmOab`Pa aT[b ad cpZyO`a 
 O[ p`Pb]Z[
lPTOd ` X 	Ts  `ba pT[aZXcPca pTjj` aZj Zm]ZP`a V n] lOP` o V

jT[bP` O[` b`mm` eZcP]PpeZ`
X][a m` p]a X` [TbP` `u`jdm` pT[p`P[][b m`a _TZbOP`a V

[ X` UTPj `P O[` b`mm` eZcP]PpeZ` X` pmOab`Pa f Zm `u Zab` X`Ou j cbeTX`a dPZ[pZd]m`a R

V m] j cbeTX` ]ap`[X][b` f Xcj ]PP][b ]_`p ]Ob][b X` pmOab`Pa yO` X 	Ts  `ba Z[ ZbZ]Ou
X][a m] s]a` f dOZa UOaZT[[][b aOpp`aaZ_`j `[b m`a pmOab`Pa pT[aZXcPca pTjj` m`a
dmOa aZj Zm]ZP`a f OayO 	
 p` yO` bTOa m`a Ts  `ba aTZ`[b PcO[Za X][a O[ O[ZyO` pmOab`P
abTpc 
 m] P]pZ[` X` m] eZcP]PpeZ` UTPj c`  
 V `b m] j cbeTX` X`ap`[X][b` f Xcj ]PP][b ]_`p O[ O[ZyO` pmOab`P pT[b`[][b m 	`[a`jsm`
X`a Ts  `ba X` m] s]a` f dOZa XZ_ Za][b aOpp`aaZ_`j `[b m`a pmOab`Pa X` j ][ZkP` 
 p` yO`
m`a pmOab`Pa PcaOmb][ba aTZ`[b m`a dmOa XZcP`[ba d TaaZs m` f `b p` OayO 	
 Tsb`[ZP ]Ou
U`OZmm`a X` m] eZcP]PpeZ` ]Ob][b X` pmOab`Pa yO` X 	Ts  `ba X][a m] s]a` V
w[ P`bPTO_` XT[p 
 p` [Z_`]O m] XZcP`[p` pm]aaZyO` `[ ]ddP`[bZaa]l` `[bP` lc[cP]
mZa]bZT[ `b ad cpZ]mZa]bZT[ R m`a j cbeTX`a ]ap`[X][b`a Xcj ]PP`[b ]_`p O[` aTmObZT[ bTOb
o
o  





























 !  o V


imOab`PZ[l eZcP]PpeZyO` aOP m 	`u`jdm` V
  	






 U]Zb ad cpZyO` ]Ou XT[[c`a f yOZ `ab `[aOZb` lc[cP]mZac` 
 pe]yO` cb]d ` f ]mTPa yO` m`a
j cbeTX`a X`ap`[X][b`a Xcj ]PP`[b ]_`p O[` aTmObZT[ pTjdmkb`j `[b lc[cP]m` f yOZ `ab
`[aOZb` ad cpZ]mZac` 
 pe]yO` cb]d ` V
6 b][b XT[[c` O[` j `aOP` X` XZab][p` `[bP` X`Ou pmOab`Pa f m] UOaZT[ aOZ_][b` 
 ` `p
bO`P d TOP O[` j cbeTX` ]ap`[X][b` pT[p`P[`P] m`a X`Ou pmOab`Pa m`a dmOa dPTpe`a f ]mTPa
yO` m] XZ_ZaZT[ aOZ_][b` 
 ` `pbO`P d TOP O[` j cbeTX` X`ap`[X][b` pT[p`P[`P] m`a X`Ou
pmOab`Pa m`a dmOa cmTZl[ca V tPTZa ]mb`P[]bZ_`a dPZ[pZd]m`a `uZab`[b d TOP Xc[ZP m] XZab][p`
`[bP` X`Ou pmOab`Pa R








f m] XZab][p` `[bP` X`Ou pmOab`Pa `ab m` j Z[ZjOj X`a
XZab][p`a `[bP` bTOb`a m`a d]ZP`a X 	Ts  `ba ]dd]Pb`[][b 
 X`a pmOab`Pa XZ cP`[ba  







f T[ ObZmZa` m` j ]uZjOj X` p`a XZab][p`a  








f m] j TQ`[[` X` p`a XZab][p`a V
W[aOZb` f O[` UTZa m] eZcP]PpeZ` UTPj c` f O[` cb]d ` TdbZT[[`mm` d `Ob

bP` ]TObc` d TOP
] [`P m` PcaOmb]b UTOP[Z 
 m 	ObZmZa]b`OP V rm a 	]lZb ]mTPa X` Xcb`Pj Z[`P m` [Z_`]O X` pTOdOP`
m` dmOa ]ddPTdPZc 
 ]ddmZyO`P X][a m 	]PsP` d TOP O[ P`lPTOd `j `[b X`a XT[[c`a ]OaaZ
d `PbZ[`[b yO` d TaaZs m` V STOP p`m] f T[ d `Ob X`j ][X`P 
 m 	ObZmZa]b`OP X` ad cpZ`P m` [TjsP`
X` pmOab`Pa ]bb`[XOa f `b ObZmZa`P m`a XZ cP`[b`a j `aOP`a X` m] yO]mZbc Z[b`P[` X`a XZ cP`[b`a
d]PbZbZT[a d TaaZs m`a d TOP acm`pbZT[[`P m] dmOa d `PbZ[`[b` V wO sZ`[ T[ d `Ob X`j ][X`P 

m 	ObZmZa]b`OP X` ad cpZ`P X`a a`OZma aOP m] pTecaZT[ Z[b`P[` TO m 	ZaTm]bZT[ `ub`P[` j Z[Zj ]m`a
X`a pmOab`Pa V
x Z`[ yO` m]Pl`j `[b ObZmZac` f p`bb` j cbeTX` X`_Z`[b XZ pZm`j `[b ObZmZa]sm` U]p` 

X` m]Pl`a s]a`a X` XT[[c`a f p]P a] pTjdm`u Zbc `ab yO]XP]bZyO` `[ UT[pbZT[ XO [TjsP`
X 	Ts  `ba X` m] s]a` f dOZayO` m`a XZab][p`a `[bP` bTOb`a m`a d]ZP`a X 	Ts  `ba d TaaZs m`a XTZ_`[b

bP` p]mpOmc`a V S]P ]Zmm`OPa f p`bb` j cbeTX` [` d `Ob  ]j ]Za XcU]ZP` p` yO 	`mm` ] Xc 
 U]Zb
]Od]P]_][b V W mm` [` d `Ob XT[p

bP` ObZmZac` X` U]T[ Z[pPcj `[b]m` V W[[ f `mm` aTO P` XO







XZP` yO` X`a pmOab`Pa dPT pe`a j ]Za XZabZ[pba d `O_`[b

bP` UOaZT[[ca a 	Zm `u Zab` O[` pe][` X 	Ts  `ba yOZ m`a P`mZ` V v Z[]m`j `[b f m` b]sm`]O o V

PcaOj ` m`a XZ cP`[b`a p]P]pbcPZabZyO`a X` p`bb` ]ddPTpe` V
 
.1)-+*0,   +(,
6 b][b XT[[c m` [TjsP`
K
X` pmOab`Pa P`pe`Ppeca f m] j cbeTX` X` pmOab`PZ[l j`][a

\ZX]Q `b ]m Vf

s  f ZmmOabPc` d]P m] lOP` o V f `ab m] aOZ_][b` R

V peTZaZP ]mc]bTZP`j `[b
K
Ts  `ba X` m] s]a` yOZ UTPj `PT[b m 	`[a`jsm` X`a p`[bPTX`a
Z[ ZbZ]Ou P`dPca`[b][b m`a
K
pmOab`Pa P`pe`Ppeca  
 V ]aaZl[`P pe]yO` Ts  `b ]O pmOab`P XT[b m` p`[bPTX` `ab m` dmOa dPT pe`  
o V dOZa b][b yO 	]O j TZ[a O[ Ts  `b pe][l` X` pmOab`P X 	O[` ZbcP]bZT[ 
 m 	]ObP` R

j`bbP` 















pT[[]Zaa][p`a ] dPZTPZ [TjsP` X` pmOab`Pa TO a`OZma







dPZa` `[ pTjdb` XO pT[b`ub` [T[
bTmcP][p` ]O sPOZb [T[
bTmcP][p` 
 m 	` `b X` pe][` [T[
bTmcP][p` ]Ou pmOab`Pa X` b]Zmm`a _]PZc`a TOZ
bTmcP][p` ]Ou pmOab`Pa X` X`[aZbca _]PZc`a TOZ
bTmcP][p` ]Ou pmOab`Pa X` UTPj ` yO`mpT[yO` TOZ
bTmcP][p` ]Ou pmOab`Pa pT[p`[bPZyO`a TOZ
  o V


i]P]pbcPZabZyO`a ]aaTpZc`a ]O pmOab`PZ[l eZcP]PpeZyO` V

j`bbP` 
 TOP m`a ]aaZl[]bZT[a X`a Ts  `ba ]Ou pmOab`Pa `[ UT[pbZT[ X` m`OP dPTu Z
jZbc ]Ou [TO_`]Ou p`[bPTX`a R
Dk = {i ∈ D| ∀ j ∈ [1,K] `b j 6= k, dist(−→xi ,−→µk) < dist(−→xi ,−→µj)}
n] bPTZakj ` cb]d ` X` p`bb` dPT pcXOP` d `Ob

bP` ` `pbOc` X` j ][ZkP` Z[pPcj `[b]m`
TO [T[ R aTZb pe]yO` UTZa yO 	O[ pe][l`j `[b X 	]aaZl[]bZT[ X 	O[ Ts  `b `ab P`[pT[bPc f m`a
X`Ou p`[bPTX`a X`a pmOab`Pa pT[p`P[ca d]P m` pe][l`j `[b aT[b j Za 
  TOP f aTZb bTOa m`a
p`[bPTX`a aT[b j Za 
 TOP aZjOmb][cj `[b ]dPka bTOb`a m`a ]aaZl[]bZT[a X`a Ts  `ba ]Ou
pmOab`Pa V
^[` dPTsmcj ]bZyO` Zjd TPb][b` X][a p` p]XP` pT[p`P[` m] ad cpZp]bZT[ XO [TjsP`
X` pmOab`Pa P`pe`Ppeca V q ]me`OP`Oa`j `[b f X][a X` [TjsP`Ou p]a f p`bb` Z[UTPj ]bZT[ [ 	`ab
d]a pT[[O` V tQdZyO`j `[b f m] aTmObZT[ peTZaZ` d TOP PcaTOXP` p` dPTsmkj ` `ab X` lc[cP`P
dmOaZ`OPa d]PbZbZT[a `[ j TXZ][b m` [TjsP` X` pmOab`Pa P`pe`Ppeca f dOZa X 	ObZmZa`P O[
b`ab ab]bZabZyO` d `Pj `bb][b X` acm`pbZT[[`P m` d]PbZbZT[[`j `[b m` dmOa ]ddPTdPZc ]Ou
XT[[c`a

 ]j `PmQ ][X Wm][ f ;;o V \ ][a m] pT[abPOpbZT[ X` p` b`ab ab]bZabZyO` f T[
P`bPTO_` m` pTjdPTj Za pm]aaZyO` `[bP` ad cpZpZbc `b lc[cP]mZa]bZT[ XO jTXkm` peTZaZ f
dOZayO 	O[ b`m pPZbkP` `ab pm]aaZyO`j `[b pTjdTac X 	O[ b`Pj ` P` cb][b m] yO]mZbc Z[b`P[`
XO pmOab`PZ[l `b X 	O[ ]ObP` b`Pj ` yOZ d c[]mZa` m`a j TXkm`a dmOa pTjdm`u`a p`Ou s]aca
aOP O[ [TjsP` dmOa Zjd TPb][b X` pmOab`Pa f yOZ aT[b XT[p dmOa ad cpZyO`a V
i`bb` j cbeTX` `ab ]OaaZ bPka a`[aZs m` 
 m] acm`pbZT[ Z[ZbZ]m` X`a p`[bPTX`a `b pT[_`Pl`
_`Pa X`a aTmObZT[a TdbZj ]m`a mT p]m`a V \ ][a m] dmOd]Pb X`a p]a f m] aTmObZT[ peTZaZ` d TOP
d]mmZ`P 
 p`bb` mZj Zb]bZT[ `ab X 	ZbcP`P m] j cbeTX` `[ U]Za][b _]PZ`P X` U]T[ ]mc]bTZP` m]
acm`pbZT[ Z[ZbZ]m` X`a p`[bPTX`a f dOZa X` acm`pbZT[[`P m` PcaOmb]b TdbZj Za][b O[ p`Pb]Z[
pPZbkP` X` yO]mZbc Z[b`P[` V
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\` dmOa f p`bb` j cbeTX` [` dPTXOZb ]Z[aZ yO` X`a pmOab`Pa X` UTPj ` eQd `PadecPZyO`
`b [ 	`ab d]a p]d]sm` X` lcP`P X`a pmOab`Pa dPTpe`a XT[b m`a b]Zmm`a aT[b bPka XZcP`[b`a V
^[` aTmObZT[ d TOP d]mmZ`P 
 p` dPTsmkj ` `ab X` d `Pj `bbP` X` XZ_Za`P TO X` UOaZT[[`P ]
d Tab`PZTPZ m`a pmOab`Pa Tsb`[Oa V tQdZyO`j `[b f O[ pmOab`P `ab XZ_ Zac yO][X a] _]PZ][p`
`ab ]OX`aaOa X 	O[ p`Pb]Z[ a`OZm dPcad cpZc f `b X`Ou pmOab`Pa aT[b UOaZT[[ca mTPayO` m]
XZab][p` `[bP` m`OPa p`[bPTX`a `ab `[ X`aaTOa X 	O[ ]ObP` a`OZm dPcad cpZc V ^[` ]ObP`
aTmObZT[ pT[aZab` 
 ObZmZa`P O[ j TXkm` dmOa PZpe` d TOP m] P`dPca`[b]bZT[ X`a pmOab`Pa V  TOa
_`PPT[a X][a m] a`pbZT[ aOZ_][b` yO` m` pmOab`PZ[l ab]bZabZyO` lc[cP]mZa` m` pmOab`PZ[l 
j`][a
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pT[abZbO`[b cl]m`j `[b O[`
j cbeTX` yOZ lc[cP]mZa` m] j cbeTX` j`][a
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dPZa` `[ pTjdb` XO pT[b`ub` [T[
bTmcP][p` ]O sPOZb [T[
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 m 	` `b X` pe][` TOZ
bTmcP][p` ]Ou pmOab`Pa X` b]Zmm`a _]PZc`a [T[
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bTmcP][p` ]Ou pmOab`Pa X` UTPj ` yO`mpT[yO` [T[
bTmcP][p` ]Ou pmOab`Pa pT[p`[bPZyO`a [T[
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n 	]ddPT pe` ab]bZabZyO` XO pmOab`PZ[l pT[aZab` 
 aOdd Ta`P yO` m`a XT[[c`a T[b cbc
lc[cPc`a a`mT[ O[` mTZ d]P]j cbPZyO` pT[[O` f j ]Za X` d]P]j kbP`a Z[pT[[Oa V w[ pT[aZXkP`
yO` m`a XT[[c`a T[b cbc lc[cPc`a d]P O[ j cm][l` X` XZabPZsObZT[a X` dPTs]sZmZbca f m]
dPTsmcj ]bZyO` cb][b ]mTPa X` bPTO_`P f `[ UT[pbZT[ X`a XT[[c`a Tsa`P_c`a f m`a d]P]j kbP`a
X` p`a XZabPZsObZT[a f ]Z[aZ yO` m`a dPTs]sZmZbca XO j cm][l` f `b m`a d]P]j kbP`a p]peca
XO j TXkm` pTPP`ad T[X][b ]Ou ] `pb]bZT[a X`a Ts  `ba ]Ou XZ cP`[b`a pTjdTa][b`a XO
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XZabPZsObZT[a ]Q][b O[` p`Pb]Z[` dPTs]sZmZbc X 	

bP` ObZmZac` V
w[ pT[abPOZb XT[p O[ jTXkm` X`a XT[[c`a
θ






k ∈ [1,K] f p]P]pbcPZac`a d]P m`OP p`[bP` −→µk f m`OP j ]bPZp` X`
pT_]PZ][p`
Σk
f `b m`OP dPTs]sZmZbc X 	]dd]PZbZT[
pik
V
θ = (θ1, ..., θK)




n`a ]dd]Pb`[][p`a X`a Ts  `ba ]Ou pmOab`Pa aT[b ]mTPa _O`a pTjj` X`a d]P]j kbP`a
p]peca XO j TXkm` V w[ dTa`
zik = 1
aZ m 	Ts  `b −→xi ] cbc lc[cPc d]P m] XZabPZsObZT[ θk f
`b
zik = 0
aZ[T[ V SOZa m 	Ts  `pbZU `ab X` j ]uZj Za`P m] _P]Za`jsm][p` XO j TXkm`
θ
d]P
P]dd TPb ]Ou XT[[c`a
D
f [Tbc`







V zZ m 	T[ U]Zb m 	eQd Tbeka` yO` m`a Ts  `ba T[b cbc lc[cPca Z[Xcd `[X]jj`[b
m`a O[a X`a ]ObP`a f T[ ] R




n 	ObZmZa]bZT[ XO mTl]PZbej ` X` p`bb` UT[pbZT[ d `Pj `b X` pT[aZXcP`P O[` aTjj` X`
b`Pj `a ]O mZ`O X 	O[ dPTXOZb f `b j ]uZj Za`P
L(θ|D) cyOZ_]Ob 





P (−→xi |θ) =
K∑
k=1
pik × P (−→xi |θk)

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^[` j cbeTX` pm]aaZyO` d TOP PcaTOXP` p` dPTsmkj ` X 	TdbZj Za]bZT[ `ab m] j cbeTX`
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pZ pT[aZab` 
 ZbcP`P X`Ou de]a`a d `Pj `bb][b X 	]j cmZTP`P
m] _P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a 
 pe]yO` cb]d ` R
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R aOdd Ta`P uca m`a d]P]j kbP`a XO j TXkm`
θ
f `b pe`Ppe`P m 	`[a`jsm` X`a
] `pb]bZT[a X`a Ts  `ba ]Ou pmOab`Pa TdbZj ]m`a aTOa p` j TXkm` V w[ d Ta` ]mTPa
zik




pik × P (−→xi |θk)∑
j pij × P (−→xi |θj)
n`a _]m`OPa X`a
zik
aT[b XT[p Xc[Z`a X][a m 	Z[b`P_]mm`
[0, 1]
f ]mTPa yO` p`mm`a X`a
zik











R aOdd Ta`P uc`a m`a ] `pb]bZT[a X`a Ts  `ba ]Ou pmOab`Pa f `b p]mpOm`P
m`a d]P]j kbP`a TdbZj ]Ou XO jTXkm`
θ





\][a m` p]a X 	O[ j cm][l` X`
K
l]OaaZ`[[`a f pe]yO` pTjdTa][b` XO j TXkm` Xcd `[X
X 	O[ p`[bP` −→µk `b X 	O[` j ]bPZp` X` pT_]PZ][p` Σk yOZ aT[b j Za 












i`bb` dPTpcXOP` a 	]PP

b` mTPayO` X 	O[` ZbcP]bZT[ 
 m 	]ObP` f m] XZ cP`[p` `[bP` X`Ou
_]m`OPa aOpp`aaZ_`a X` m] mTl _P]Za`jsm][p`
logL(θ|D) `ab Z[UcPZ`OP` 
 O[ a`OZm uc δ
abPZpb`j `[b d TaZbZU V
W[ U]Zb f p` j TXkm` lc[cP]mZa` p`mO Z ObZmZac d]P m] j cbeTX` j`][a V W[ ``b f aZ m 	T[
U]Zb m 	eQd Tbeka` yO` m`a j ]bPZp`a X` pT_]PZ][p` X`a pmOab`Pa
Σk
pTPP`ad T[X`[b bTOb`a 

m] j ]bPZp` ZX`[bZbc f `b yO` m`a dPTs]sZmZbca XO j cm][l`
pik
aT[b bTOb`a cl]m`a f ]mTPa T[
TsbZ`[b m` j TXkm` ObZmZac d]P m] j cbeTX` j`][a
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Z[aZ f X` j

j` yO` d TOP m] j cbeTX` j`][a f p`bb` j cbeTX` ab]bZabZyO` `ab pT[UPT[ 
bc` 
 m] dPTsmcj ]bZyO` X` m] ad cpZp]bZT[ XO [TjsP` X` pmOab`Pa P`pe`Ppeca f `b `ab cl]m`
j`[b a`[aZs m` 
 m] aTmObZT[ Z[ZbZ]m` dPTd Tac` V n`a aTmObZT[a d TOP d]mmZ`P 
 p`a mZj Zb]bZT[a
aT[b XT[p m`a j

j`a R lc[cP`P dmOaZ`OPa j TXkm`a `[ U]Za][b _]PZ`P m` [TjsP` X` pmOab`Pa
P`pe`Ppeca f `b ObZmZa`P O[ pPZbkP` ab]bZabZyO` d TOP peTZaZP m` j TXkm` m` dmOa ]ddPTdPZc ]Ou
XT[[c`a f `[ pT[aZXcP][b d TOP pe]yO` j TXkm` dmOaZ`OPa Z[ ZbZ]mZa]bZT[a ]mc]bTZP`a V
S mOaZ`OPa pPZbkP`a T[b cbc dPTd Taca d TOP p`m] yOZ ]TOb`[b ]O p]mpOm X` m] _P]Za`j 
sm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a O[ b`Pj ` yOZ b`[X 
 d c[]mZa`P m`a j TXkm`a m`a
dmOa pTjdm`u`a V n`a XZ cP`[ba pPZbkP`a a` XZ cP`[pZ`[b XT[p aOP m`OP U]T[ X` d c[]mZa`P
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 f Xc[Z pTjj` aOZb R
BIC(θ|D) = −2× logL(θ|D) +Mθ × logN
n` dP`j Z`P b`Pj ` X` p` pPZbkP` c_]mO` m] _P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou
XT[[c`a f p 	`ab
XZP` m] ad cpZpZbc XO j TXkm` f b][XZa yO` m` a`pT[X b`Pj ` d c[]mZa` m`a
j TXkm`a dmOa pTjdm`u`a f p 	`ab
XZP` bPTd ad cpZyO`a f
Mθ
P`dPca`[b][b m` [TjsP` X`
d]P]j kbP`a Z[Xcd `[X][ba XO j TXkm` V n] _]m`OP X` p` pPZbkP` XTZb

bP` j Z[Zj Zac` d TOP
TdbZj Za`P m] d `PbZ[`[p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a V
S]P pT[bP` f pT[bP]ZP`j `[b 
 j`][a f p`bb` j cbeTX` ab]bZabZyO` `ab p]d]sm` X 	ZX`[
bZ`P X`a pmOab`Pa X` UTPj ` ]mmT[lc` f `b `ab p]d]sm` X` lcP`P X`a pmOab`Pa dPT pe`a XT[b m`a
b]Zmm`a aT[b bPka XZcP`[b`a V W mm` `ab cl]m`j `[b []bOP`mm`j `[b p]d]sm` X` lcP`P m` sPOZb
yOZ d `Ob `uZab`P X][a m`a XT[[c`a V i`d `[X][b f `mm` [cp`aaZb` aTO_`[b X` [TjsP`Oa`a Zbc
P]bZT[a ]_][b X` pT[_`Pl`P `b a] pTjdm`uZbc `ab yO]XP]bZyO` `[ UT[pbZT[ XO [TjsP` X`
XZj `[aZT[a
M
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 m 	` `b X` pe][` TOZ
bTmcP][p` ]Ou pmOab`Pa X` b]Zmm`a _]PZc`a TOZ
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bTmcP][p` ]Ou pmOab`Pa pT[p`[bPZyO`a [T[
  o Vo

i]P]pbcPZabZyO`a ]aaTpZc`a ]O pmOab`PZ[l ab]bZabZyO` V
 &
.1)-+*0, -(-0)+
6 b][b XT[[c` O[` j `aOP` X` m] yO]mZbc Z[b`P[` X 	O[ pmOab`PZ[l pT[aZXcPc` f d]P `u`jdm`
m 	`PP`OP yO]XP]bZyO` dPca`[bc` X][a m] a`pbZT[  V XO pe]dZbP` dPcpcX`[b f d mOaZ`OPa j c
  
    	


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\ ][a p` p]a f m] b`pe[ZyO` pT[aZab` aZjdm`j `[b 
 d]PpTOPZP m 	`ad]p` X`a aTmObZT[a
d TaaZs m`a `b 
 acm`pbZT[[`P m] aTmObZT[ P`[pT[bPc` yOZ j ]uZj Za` m` pPZbkP` pZs m` peTZaZ V
6_ZX`jj `[b f m 	`ad]p` X`a aTmObZT[a cb][b aTO_`[b s `]OpTOd bPTd _]ab` d TOP

bP` d]P
pTOPO `[bZkP`j `[b f X`a e`OPZabZyO`a aT[b lc[cP]m`j `[b ObZmZac`a d TOP m` d]PpTOPZP V
tQdZyO`j `[b f O[` aTmObZT[ pT[aZXcPc` X][a p` p]XP` `ab m 	`[a`jsm` X`a ]aaT pZ]bZT[a
X`a Ts  `ba ]Ou pmOab`Pa f m` [TjsP` X` pmOab`Pa cb][b UTOP[Z d]P m 	ObZmZa]b`OP V 	 pe]yO`
cb]d ` f O[` [TO_`mm` aTmObZT[ `ab pT[aZXcPc` f `b pT[a`P_c` d TOP m 	cb]d ` aOZ_][b` aZ `mm` U]Zb
d]PbZ` X`a aTmObZT[a TdbZj ]m`a XO dTZ[b X` _O` XO pPZbkP` pZs m` V
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U]T[ X` d]PpTOPZP m 	`ad]p` X`a aTmObZT[a d TaaZs m`a f p 	`ab
XZP` X][a m] b`pe[ZyO` ObZmZac`
d TOP dPTd Ta`P O[` [TO_`mm` aTmObZT[ pTOP][b` 
 c_]mO`P V W[ dP]bZyO` f m`a j cbeTX`a j Za`a
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 `ba  

bPTO_`P X`Ou aTOapmOab`Pa `[ ObZmZa][b m 	]mlTPZbej ` j`][a V
\ ][a

][l `b ]m Vf

 f O[` ]ObP` j cbeTX` X` pTjsZ[]ZaT[ ] cbc dPTd Tac` V \ ][a
p` p]a f m] j cbeTX` eZcP]PpeZyO` `ab pTjsZ[c` 
 O[` j cbeTX` s]ac` aOP m`a lPZmm`a V W[
e]Ob X` m] eZcP]PpeZ` f O[` O[ZyO` p`mmO m` P`dPca`[b` m 	`[a`jsm` X` m 	`ad]p` f dOZa dmOa T[




 ]PQdZa `b ]m Vf

 f m` dPZ[pZd ` aOZ_ Z pT[aZab` 
 pPc`P O[ `[a`jsm` Z[ ZbZ]m
Zjd TPb][b X`
 
pmOab`Pa `[ ObZmZa][b O[` j cbeTX` d]P d]PbZbZT[ XO lP]de` X`a dmOa
dPT pe`a _TZaZ[a f dOZa 
 m`a UOaZT[[`P `[ ObZmZa][b O[ ]mlTPZbej ` eZcP]PpeZyO` ]ap`[X][b V
n`a p]P]pbcPZabZyO`a X`a j cbeTX`a j Za`a `[ O_P` X][a p` p]XP` Xcd `[X`[b XT[p X`a
j cbeTX`a ObZmZac`a mTPa X` m] pTjsZ[]ZaT[ f p 	`ab d TOPyOTZ [TOa [` dPTd TaT[a ZpZ ]OpO[
b]sm`]O Pcp]dZbOm]bZU X` m`OPa p]P]pbcPZabZyO`a V TOa P`[_TQT[a d TOP p`m] ]Ou b]sm`]Ou
]aaT pZca ]Ou j cbeTX`a pTjsZ[c`a V
 
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iTjj` [TOa m 	]_T[a c_TyOc X][a m] a`pbZT[  Vo f d mOaZ`OPa j cbeTX`a X` pmOab`PZ[l
T[b P`m]bZ_`j `[b Pcp`jj `[b cj `Plc yOZ T[b d TOP sOb X` dP`[XP` `[ pTjdb` m` U]Zb yO`
m`a pmOab`Pa d `O_`[b

bP` dPT `bca X][a XZcP`[ba aTOa`ad]p`a X` m 	`ad]p` TPZlZ[]m X`
X`apPZdbZT[ X`a Ts  `ba V w[ d]Pm` X][a p` p]a X` aOsad]p` pmOab`PZ[l V \ ][a p` p]XP` f X`Ou
lP][X`a U]j Zmm`a X` j cbeTX`a a` XZabZ[lO`[b R








f T[ pe`Ppe` X 	]s TPX m`a aTOa
`ad]p`a m`a dmOa ]ddPTdPZca d TOP m] Xcb`pbZT[ X` pmOab`Pa f `b T[ pe`Ppe` `[aOZb` m`a
pmOab`Pa dPca`[ba X][a p`a aTOa`ad]p`a  







f T[ pe`Ppe` X 	]s TPX
m`a pmOab`Pa dPca`[ba X][a m`a XT[[c`a f dOZa T[ pZsm` `[aOZb` m`a aTOa`ad]p`a yOZ
m`OP pTPP`ad T[X`[b m` j Z`Ou V
x]ac aOP m 	ObZmZa]bZT[ X` lPZmm`a f m` dPZ[pZd ` lc[cP]m XO aOsad]p` pmOab`PZ[l ]ap`[X][b
aOP m`a XZj `[aZT[a

lP]Y]m `b ]m Vf

 `ab X` P`pe`Ppe`P m`a `[a`jsm`a X` p`mmO m`a X`[a`a








pT[[`pbc`a X][a X`a aTOa`ad]p`a X` m 	`ad]p` TPZlZ[]m V iTjj` bTOb` j cbeTX` s]ac` aOP
m`a lPZmm`a f Zm [cp`aaZb` XT[p m] XT[[c` X` X`Ou d]P]j kbP`a ObZmZa]b`OPa R
ξ
`ab O[ `[bZ`P
ObZmZac d TOP Xcb`Pj Z[`P m] b]Zmm` X` m] lPZmm` 
 ObZmZa`P f Tsb`[O` `[ d]PbZbZT[[][b pe]yO`




j` mT[lO`OP f `b
τ
P`dPca`[b` m` d TOPp`[b]l` j Z[ZjOj X 	Ts  `ba yOZ XTZ_`[b

bP` pT[b`[Oa X][a O[` p`mmO m`
X` m] lPZmm` d TOP yO 	`mm` aTZb pT[aZXcPc` pTjj` X`[a` V
n] j cbeTX` dPTd Tac` a` XcpTjd Ta` `[ bPTZa de]a`a R

V pZs m`P m`a aTOa`ad]p`a X][a m`ayO`ma a` bPTO_`[b X`a pmOab`Pa X`[a`a  
 V ZX`[bZ`P m`a pmOab`Pa X][a p`a aTOa`ad]p`a  
o V lc[cP`P O[` X`apPZdbZT[ j Z[Zj ]m` X`a pmOab`Pa bPTO_ca V
iT[p`P[][b m] dP`j ZkP` de]a` f m 	]mlTPZbej ` ObZmZa` m] dPTdPZcbc X` j T[TbT[Z` aOZ
_][b` R
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x]ac` aOP p` dPZ[pZd ` f O[` ]ddPTpe` ]ap`[X][b` `ab XT[p ObZmZac` d TOP pZs m`P m`a aTOa
`ad]p`a X][a m`ayO`ma a` bPTO_`[b X`a pmOab`Pa X`[a`a V w[ Xcj ]PP` `[ dPT `b][b m`a Ts  `ba
aOP pe]yO` XZj `[aZT[ X` m 	`ad]p` V STOP acm`pbZT[[`P m`a aTOa`ad]p`a d `PbZ[`[ba 
 pT[aZ
XcP`P p`Ou cb][b aOap`dbZs m`a X` pT[b`[ZP X`a pmOab`Pa X`[a`a f m] b`pe[ZyO` dPTd Tac`
`ab X` acm`pbZT[[`P m`a aTOa`ad]p`a yOZ j ]uZj Za`[b m] pTO_`PbOP` X` m 	`ad]p` X`a Ts  `ba
d]P m`a p`mmO m`a X`[a`a j`aOP` yOZ a`P] U]Zs m` aZ m`a Ts  `ba aT[b O[ZUTPj cj `[b XZabPZ






 d TOP XcpZX`P X` m] T[` X` pTOdOP` `[bP` aTOa`ad]p`a pT[a`P_ca `b
aTOa`ad]p`a aOddPZj ca V















XZj `[aZT[a aZ p`Ou pZ T[b m`OP
(m − 2) dP`j ZkP`a XZj `[aZT[a `[ pTjjO[ f `b aZ bTOb
aTOa`ad]p` 

(m − 1) XZj `[aZT[a Z[pmOa X][a p` [TO_`]O aTOa`ad]p` 





W[aOZb` f mTPayO` m 	`[a`jsm` X`a aTOa`ad]p`a Olca pTjj` d `PbZ[`[ba ] cbc ZX`[bZc
`b yO 	Zm [ 	Q ] dmOa X 	]ObP` aTOa`ad]p` p][XZX]b f m 	cb]d ` aOZ_][b` X` m] j cbeTX` pT[aZab` 

pZs m`P m`a pmOab`Pa X][a p`a aTOa`ad]p`a f p 	`ab
XZP` 
 ZX`[bZ`P m`a `[a`jsm`a X` p`mmO m`a
X`[a`a pT[[`pbc`a `[ ObZmZa][b O[ pmOab`PZ[l s]ac aOP m`a lPZmm`a V
W[[ f m] X`P[ZkP` de]a` X` X`apPZdbZT[ X`a pmOab`Pa a` XcpTjdTa` `[ X`Ou cb]d `a R

V ` `pbO`P O[` pTO_`PbOP` X` pe]yO` pmOab`P d]P X`a PclZT[a j ]uZj ]m`a  
 V ` `pbO`P O[` acm`pbZT[ d]Pj Z p`a PclZT[a d TOP Tsb`[ZP O[` pTO_`PbOP` j Z[Zj ]m` V
n] dP`j ZkP` X` p`a X`Ou de]a`a a` U]Zb d]P O[ ]mlTPZbej ` lmTObT[ R

Xcj ]PP`P ]_`p O[` p`mmO m` acm`pbZT[[c` ]mc]bTZP`j `[b  

acm`pbZT[[`P O[` XZj `[aZT[ ]mc]bTZP`j `[b `b cm]PlZP m] PclZT[ pTOP][b` aOP m] XPTZb`
TO m] l]Ope` aZ m] [TO_`mm` PclZT[ [` pTO_P` d]a X` p`mmO m` [T[ X`[a` f `b p` OayO 	

p` yO` bTOb`a m`a XZj `[aZT[a ]Z`[b cbc `[_Za]lc`a  

`b ]Z[aZ X` aOZb` OayO 	
 p` yO` bTOb`a m`a p`mmO m`a aTZ`[b pTO_`Pb`a V
  
    	


SOZa []m`j `[b f d TOP Tsb`[ZP O[` pTO_`PbOP` j Z[Zj ]m` f T[ aOddPZj ` m`a PclZT[a
P`XT[X][b`a `[ pTjj`[][b d]P p`mm`a yOZ pTO_P`[b m` j TZ[a X` p`mmO m`a V
i`bb` j cbeTX` cb][b s]ac` aOP m 	ObZmZa]bZT[ X` lPZmm`a f a`a p]P]pbcPZabZyO`a aT[b m`a
j

j`a yO` m`a j cbeTX`a s]ac`a aOP m`a lPZmm`a Xc_`mTdd c`a X][a m 	`ad]p` pTjdm`b X`
X`apPZdbZT[ X`a XT[[c`a f 
 m 	`up`dbZT[ X` m] dPZa` `[ pTjdb` XO pT[b`ub` yOZ `ab Pc]mZac`
ZpZ V W[ d]PbZpOmZ`P f m`a X`Ou d]P]j kbP`a X` b]Zmm` X` p`mmO m` `b X` pPZbkP` X` X`[aZbc cb][b
pTjjO[a 
 bTOa m`a pmOab`Pa f Zma [` d `Pj `bb`[b d]a X 	ZX`[bZ`P X`a pmOab`Pa ]Q][b X`a
X`[aZbca bPka XZcP`[b`a V
 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n] X`Ou Zkj ` U]j Zmm` X` j cbeTX`a X` aOsad]p` pmOab`PZ[l ObZmZa` O[` ]ddPT pe` X`ap`[
X][b` aOP m`a XZj `[aZT[a V n`a j cbeTX`a Xc_`mTdd c`a X][a p` p]XP` dPTd Ta`[b X`a b`pe 









TT ][X n`` f ;; ObZmZa`[b
O[` ]ddPTpe` abT pe]abZyO` s]ac` aOP m`a
K
jcXTX`a V STOP ]aaTpZ`P 
 pe]yO` pmOab`P
m 	`[a`jsm` X`a XZj `[aZT[a yOZ mO Z pTPP`ad T[X`[b m` j Z`Ou f Sgwin^z X`j ][X` 
 m 	ObZmZ
a]b`OP X` ad cpZ`P m` [TjsP` j TQ`[ X` XZj `[aZT[a d `PbZ[`[b`a X`a pmOab`Pa `b acm`pbZT[[`
p`mm`a d TOP m`ayO`mm`a m] XZab][p` j TQ`[[` X`a j `jsP`a X`a pmOab`Pa 
 m`OP p`[bP` aOP p`a
XZj `[aZT[a `ab j Z[Zj ]m` V
STOP vr\rt f m`a XZj `[aZT[a d `PbZ[`[b`a X`a pmOab`Pa aT[b p`mm`a aOP m`ayO`mm`a m`a
pmOab`Pa P`ad `pb`[b O[ pPZbkP` X` X`[aZbc j Z[Zj ]m` ad cpZc d]P m 	ObZmZa]b`OP R d TOP O[




dmOa dPTpe`a _TZaZ[a XO j cXTX` aT[b
XZab][ba X` j TZ[a X`

aOP m] XZj `[aZT[ f ]mTPa p`mm`pZ `ab pT[aZXcPc` pTjj` p]P]pbcPZa
bZyO` XO pmOab`P ]aaTpZc ]O j cXTX` V
\wi
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V ^[ pmOab`P `ab pT[aZXcPc pTjj` d `PbZ[`[b a 	Zm `ab pTjd Tac
X 	]O j TZ[a
α 




aOP a`a XZj `[aZT[a d `PbZ[`[b`a ]aaTpZc`a V n`a pmOab`Pa pT[a`P_ca aT[b ]mTPa






  Zd `b ]m Vf ;;o f pT[ab]b][b yO 	Zm `ab bPka XZ pZm` d TOP m 	ObZmZa]b`OP
X` ad cpZ`P m`a d]P]j kbP`a P`yOZa d]P p`a XZcP`[b`a j cbeTX`a f Zm dPTd Ta` X 	ObZmZa`P X`a
a`OZma XQ[]j ZyO`a V ^[ a`OZm pT[bP m` m` [TjsP` X` XZj `[aZT[a d `PbZ[`[b`a j Z[ZjOj
]aaT pZc ]Ou pmOab`Pa f `b O[ ]ObP` a`OZm `ab ObZmZac d TOP acm`pbZT[[`P p`a XZj `[aZT[a d `PbZ
[`[b`a V n] j cbeTX` ObZmZac` `ab eZcP]PpeZyO` ]ap`[X][b` f ]_`p j TXZp]bZT[ X`a a`OZma 






\Tj `[ZpT[Z `b ]m Vf ;;  d `Pj `b mOZ ]OaaZ X` a` d]aa`P X` d]P]j kbP`a
ObZmZa]b`OPa d TOP acm`pbZT[[`P m`a XZj `[aZT[a d `PbZ[`[b`a X`a pmOab`Pa V STOP p`m] f Zm aOl
lkP` X` d T[XcP`P m`a XZj `[aZT[a `[ UT[pbZT[ X` m] XZad `PaZT[ X`a j `jsP`a X`a pmOab`Pa
aOP p`a XZj `[aZT[a f ]O mZ`O X 	`[ acm`pbZT[[`P O[ aTOa`[a`jsm` V
n`a XZcP`[b`a ]ddPT pe`a dPTd Tac`a X][a p` p]XP` ]Q][b X`a p]P]pbcPZabZyO`a bPka
XZ cP`[b`a f [TOa [` aTjj`a d]a `[ j `aOP` X` dPca`[b`P ZpZ X` b]sm`]O Pcp]dZbOm]bZU X`
 	
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 O[` j cbeTX` X` pmOab`PZ[l dPca`[bc` dPcpcX`jj`[b Sgwin^z f vr\rt `b n

i ]O
pmOab`PZ[l j`][a f \wi ]O pmOab`PZ[l abT pe]abZyO` f 

gS ]O pmOab`PZ[l eZcP]PpeZyO` f




S]Pj Z m] lP][X` _]PZcbc X` b`pe[ZyO`a yO` [TOa ]_T[a dPca`[bc`a f pe]pO[` d TaakX`







`ab aTO_`[b ObZmZac mTPayO` m`a  `Ou X` XT[[c`a aT[b X` d `bZb` b]Zmm` f dOZayO` X][a X`
b`ma p]a m] pTjdm`u Zbc cm`_c` X` m] j cbeTX` [ 	`ab d]a O[` mZj Zb]bZT[ V n` pmOab`PZ[l s]ac
aOP m`a lP]de`a d `Ob cl]m`j `[b

bP` ObZmZac X][a X` b`ma p]a V zZ ]O pT[bP]ZP` X`a dPTsmkj `a
X` b`jda X 	`ucpObZT[ a` d Ta`[b f ]mTPa p 	`ab aTO_`[b m` pmOab`PZ[l j`][a yOZ `ab ObZmZac V
nTPayO` m`a pmOab`Pa d `O_`[b

bP` X` UTPj ` ]mmT[lc` f ]mTPa m` pmOab`PZ[l ab]bZabZyO` `ab
dmOa ]ddPTdPZc yO` m` pmOab`PZ[l j`][a V nTPayO` m`a dPTsmkj `a pT[bZ`[[`[b `[pTP`
X]_][b]l` X 	Ts  `ba f ]mTPa m` pmOab`PZ[l abT pe]abZyO` d `Ob

bP` ObZmZac V zZ m 	Ts  `pbZU `ab X`
pZs m`P X`a pmOab`Pa yOZ d `O_`[b

bP` X` UTPj ` yO`mpT[yO` f ]mTPa p` aT[b m`a pmOab`PZ[la
s]aca aOP m] X`[aZbc f aOP m`a lPZmm`a TO m` pmOab`PZ[l ad `pbP]m yOZ aT[b ObZmZaca V W[[ f aZ
m`a pmOab`Pa d `O_`[b

bP` Xc[Za X][a X`a aTOa`ad]p`a X` m 	`ad]p` TPZlZ[]m X` X`apPZdbZT[
X`a Ts  `ba f ]mTPa p 	`ab m` aOsad]p` pmOab`PZ[l yOZ XTZb

bP` ObZmZac V i 	`ab XT[p m 	]ddmZp]bZT[
_Zac` yOZ _] Xcb`Pj Z[`P m] j cbeTX` X` pmOab`PZ[l yOZ XTZb

bP` ObZmZac` V
q ]mlPc m` [TjsP` ZjdTPb][b X` j cbeTX`a `u Zab][b`a f d mOaZ`OPa dPTsmcj ]bZyO`a P`a
b`[b `[pTP` TO_`Pb`a X][a m` p]XP` XO pmOab`PZ[l V ^[ dPTsmkj ` bPka aTO_`[b P`[pT[bPc
pT[p`P[` m] XZ pOmbc X` u`P m`a d]P]j kbP`a `[ `[bPc` X`a j cbeTX`a d]P m 	ObZmZa]b`OP V \ `
j

j` f m] dPca`[b]bZT[ X`a PcaOmb]ba aTOa O[` UTPj ` U]pZm`j `[b Z[b`PdPcb]sm` d]P m 	ObZmZ
a]b`OP `ab P]P`j `[b ]s TPXc` j ]mlPc aT[ Z[bcP

b V n] pTjdm`uZbc X`a j cbeTX`a j Za`a `[
O_P` `ab ]OaaZ dPTsmcj ]bZyO` X][a p`Pb]Z[a p]a V n] dPZa` `[ pTjdb` XO pT[b`ub` X][a
m`yO`m m`a pmOab`Pa aT[b pPcca pT[abZbO` O[ aO `b X 	cbOX` Pcp`[b f yOZ j cPZb` XT[p X 	

bP`
]ddPTUT[XZ V W[[ f O[` dPTsmcj ]bZyO` TO_`Pb` Zjd TPb][b` X][a m` p]XP` XO pmOab`PZ[l
pT[p`P[` m 	c_]mO]bZT[ X`a PcaOmb]ba `b m] pTjd]P]ZaT[ X` XZcP`[b`a j cbeTX`a V \ ][a m]
aOZb` X` p`bb` beka` f [TOa dPca`[bT[a XT[p [Ta pT[bPZsObZT[a aOP p`a XZcP`[ba d TZ[ba V n]
d]PbZ` rr dPca`[b` ]Z[aZ [Ta bP]_]Ou X][a m] j Za` `[ O_P` X` [TO_`mm`a j cbeTX`a X` aOs
ad]p` pmOab`PZ[l f j Z[Zj Za][b m` [TjsP` X` d]P]j kbP`a P`yOZa X` m] d]Pb X` m 	ObZmZa]b`OP f
UTOP[Zaa][b `[ aTPbZ` O[ PcaOmb]b pTjdPce`[aZs m` f `b ]Q][b O[` pTjdm`u Zbc P]ZaT[[]sm` V
n] d]PbZ` rrr dPca`[b` `[aOZb` [Ta bP]_]Ou X][a m` XTj ]Z[` X` m 	c_]mO]bZT[ X`a PcaOmb]ba
X 	]mlTPZbej `a X` pmOab`PZ[l f TO X` m] pTjd]P]ZaT[ X` b`ma ]mlTPZbej `a V










\][a m`a bP]_]Ou X` P`pe`Ppe` yO` [TOa ]_T[a j `[ca f [TOa ]_T[a ]s TPXc dmOaZ`OPa
dPTsmcj ]bZyO`a TO_`Pb`a X][a m` p]XP` XO pmOab`PZ[l V
tTOb X 	]s TPX f [TOa [TOa aTjj`a ]bb]yOc ]O dPTsmkj ` X` m] dPZa` `[ pTjdb` XO
pT[b`ub` X][a m`yO`m m`a pmOab`Pa dPca`[ba X][a m`a XT[[c`a aT[b pPcca f p 	`ab
XZP` ]Ou
p]a T m`a pmOab`Pa d `O_`[b

bP` Xc[Za X][a XZcP`[ba aTOa`ad]p`a X` m 	`ad]p` TPZlZ[]m
X` X`apPZdbZT[ X`a Ts  `ba V

ObP`j `[b XZb f [Ta pT[bPZsObZT[a a` aZbO`[b X][a m` p]XP` XO
aOsad]p` pmOab`PZ[l V
S]P ]Zmm`OPa f [TOa [TOa dm]T[a X][a m 	TdbZyO` X 	ObZmZa`P m` pmOab`PZ[l X][a O[ p]XP`
X 	`ubP]pbZT[ X` pT[[]Zaa][p`a f m 	Ts  `pbZU cb][b ]mTPa X 	]ZX`P 
 m] pTjdPce`[aZT[ X` m]
abPOpbOP` X`a XT[[c`a `b X` U]ZP` ]Z[aZ cj `Pl`P p`Pb]Z[a aTOapT[p`dba dPca`[ba X][a m`a
XT[[c`a V wP X][a O[ b`m p]XP` f m 	ObZmZa]b`OP ] P]P`j `[b X` pT[[]Zaa][p`a ] dPZTPZ aOP m]
abPOpbOP` X`a XT[[c`a f `b m] X`apPZdbZT[ X`a PcaOmb]ba aTOa UTPj ` pTjdPce`[aZs m` a 	]_kP`
X 	O[` ]ZX` dPcpZ`Oa` d TOP m 	]ZX`P 
 ]ddPce`[X`P ]O j Z`Ou m`a aTOa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 m] dPca`[b]bZT[ X`a PcaOmb]ba aTOa
UTPj ` pTjdPce`[aZs m` `b _ZaO`mm` d TOP m 	ObZmZa]b`OP V
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 X`a s]a`a X` XT[[c`a
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s Z`[ yO` p]bclTPZ`ma V ^[` d]PbZ` X` [Ta bP]_]Ou d TPb` d]P ]Zmm`OPa aOP m] j Za` `[ O_P`
X 	O[` j cbeTX` X` aOsad]p` pmOab`PZ[l ]X]dbc` ]Ou p]a X`a XT[[c`a a`j ZabPOpbOPc`a V
W[[ f [TOa ]_T[a cl]m`j `[b `[_Za]lc m] d TaaZs ZmZbc X 	

bP` pT[UPT[bc 
 X` m]Pl`a s]a`a X`
XT[[c`a d TO_][b pT[b`[ZP X`a XT[[c`a j ][yO][b`a ]Z[aZ yO` XO sPOZb V
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mTdd c` X][a p` p]XP` f ]dd `mc`
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V zT[ dPZ[pZd ` lc[cP]m pT[aZab` 
 P`d cP`P 
 pe]yO`
cb]d ` m] XZj `[aZT[ d `Pj `bb][b m` d]PbZbZT[[`j `[b m` dmOa d `PbZ[`[b d TOP m` lPTOd ` X 	Ts
 `ba pT[aZXcPc f `b 
 ZbcP`P p` dPT p`aaOa OayO 	
 p` yO` dmOa ]OpO[ lPTOd ` [` aTZb ]j cmZTPc
d]P XcpTOd]l` f 




o `[ ]ddP`[bZaa]l` aOd `P_Zac V
n` pe]dZbP`  dPca`[b` `[aOZb` O[` X`Ou Zkj ` j cbeTX` X` aOsad]p` pmOab`PZ[l ]dd `mc`
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`b Pcd T[X][b 
 p`Pb]Z[`a mZj Zb]bZT[a Tsa`P_c`a X`
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V TOa j T[bPT[a ]mTPa
`[ d]PbZpOmZ`P m 	Z[bcP

b X 	ObZmZa`P X`a j TXkm`a dPTs]sZmZab`a X][a m` p]XP` XO aOsad]p`
pmOab`PZ[l V
SOZa X][a m` pe]dZbP`  f [TOa dPca`[bT[a dmOaZ`OPa `ub`[aZT[a d TaaZs m`a X` p`a j c
beTX`a f X][a m` p]XP` X 	O[ ]ddP`[bZaa]l` ]ObP` yO` [T[ aOd `P_Zac f `b U]p` 
 X`a XT[[c`a
a`j ZabPOpbOPc`a V
W[[ f m` pe]dZbP`  dPca`[b` m`a XZcP`[b`a `ud cPZj `[b]bZT[a yO` [TOa ]_T[a j `[c`a
]_`p p`a XZ cP`[b`a ]ddPTpe`a f pTjd]Pc`a 
 X 	]ObP`a V i`a `ud cPZj `[b]bZT[a aT[b X 	]s TPX
pT[XOZb`a U]p` 
 X`a XT[[c`a ]PbZpZ`mm`a f d TOP Tsa`P_`P m`OP PTsOab`aa` X][a XZ cP`[b`a
aZbO]bZT[a pT[bP mc`a f dOZa [TOa j T[bPT[a m`a PcaOmb]ba Tsb`[Oa U]p` 
 X`a XT[[c`a Pc`mm`a
`b X`a XT[[c`a a`j ZabPOpbOPc`a f ZmmOabP][b m 	Z[bcP



























i][XZmmZ`P `b ]m Vf ;;  f
O[ ]mlTPZbej ` TPZlZ[]m a 	]dd]P`[b][b 
 m] U]j Zmm` X`a j cbeTX`a X` aOsad]p` pmOab`PZ[l V
\ ][a m] j Za` `[ O_P` X` p`b ]mlTPZbej ` f [TOa [TOa aTjj`a XT[[c d TOP Ts  `pbZU X`
j Z[Zj Za`P m` [TjsP` X` pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP f `b X`
UTOP[ZP `[ aTPbZ` O[ PcaOmb]b U]pZm`j `[b Z[b`PdPcb]sm` V  TOa [TOa dm]T[a ]Z[aZ X][a m`
p]XP` X` m 	ObZmZa]bZT[ XO pmOab`PZ[l d TOP m 	`ubP]pbZT[ X` pT[[]Zaa][p`a V
\ ][a m] dP`j ZkP` a`pbZT[ X` p` pe]dZbP` f [TOa XZapObT[a X 	]s TPX X`a XZ cP`[b`a j ]
[ZkP`a d TaaZs m`a X` dPca`[b`P m`a PcaOmb]ba X 	O[ pmOab`PZ[l aTOa UTPj ` pTjdPce`[aZs m`
d TOP m 	ObZmZa]b`OP f `b j T[bPT[a m 	Z[bcP

b X 	ObZmZa`P X`a Pklm`a eQd `PP`pb][lm`a X][a X`a
aTOa`ad]p`a X` m 	`ad]p` TPZlZ[]m X` X`apPZdbZT[ X`a Ts  `ba X][a p` p]XP` V W[ d]PbZpOmZ`P f
[TOa j T[bPT[a pTjj`[b p`bb` P`dPca`[b]bZT[ [TOa d `Pj `b X` XcpPZP` pe]yO` pmOab`P d]P
O[ j Z[ZjOj X 	]bbPZsOba d `PbZ[`[ba V




 UP]pbZT[[`P aOpp`aaZ_`j `[b m 	`[a`jsm` X`a
Ts  `ba V \ ][a m 	`adPZb f m 	]ddPT pe` `ab pTjd]P]sm` 





dP`[bZaa]l` aOd `P_Zac R Zm a 	]lZb X` P`d cP`P 
 pe]yO` cb]d ` m] XZj `[aZT[ d `Pj `bb][b m`
d]PbZbZT[[`j `[b m` dmOa d `PbZ[`[b d TOP m` lPTOd ` X 	Ts  `ba pT[aZXcPc f `b X 	ZbcP`P p` dPT
p`aaOa OayO 	
 p` yO` dmOa ]OpO[ lPTOd ` [` aTZb ]j cmZTPc d]P XcpTOd]l` V
ie]yO` XZj `[aZT[ X` X`apPZdbZT[ `ab pT[aZXcPc` m 	O[` ]dPka m 	]ObP` `b Z[Xcd `[X]j 
j`[b X`a ]ObP`a V n] sPZyO` X` s]a` `ab XT[p O[ ]mlTPZbej ` X` d]PbZbZT[[`j `[b aOP O[`
XZj `[aZT[ V i 	`ab p` aO `b yO` [TOa bP]ZbT[a X][a m] a`pbZT[  V f ]_][b X 	`ud Ta`P pTjj`[b
p` d]PbZbZT[[`j `[b cmcj `[b]ZP` `ab Z[bclPc X][a O[` abP]bclZ` lmTs]m` _Za][b 
 ZX`[bZ`P f
d TOP pe]yO` lPTOd ` f a`a XZj `[aZT[a d `PbZ[`[b`a f `b pTjj `[b O[ P`lPTOd `j `[b pTjdm`b
X`a Ts  `ba `ab []m`j `[b pT[abZbOc V
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rm `u Zab` bPTZa dPZ[pZd]m`a b`pe[ZyO`a d TOP dPca`[b`P m`a PcaOmb]ba X 	O[ pmOab`PZ[l aTOa













V dPT `b`P m`a XT[[c`a X][a O[ `ad]p` _ZaO`m 
 X`Ou TO bPTZa XZj `[aZT[a  
 V dPca`[b`P m`a PcaOmb]ba 
 m 	]ZX` X 	O[ ]PsP` X` XcpZaZT[  
o V TO dPca`[b`P m`a PcaOmb]ba 
 m 	]ZX` X` Pklm`a V
\ ][a m` dP`j Z`P p]a f O[` _ZaO]mZa]bZT[ `[ X`Ou TO bPTZa XZj `[aZT[a X`a Ts  `ba d `P
j`b X 	Tsa`P_`P ]Zacj `[b m] dPTuZj Zbc TO m 	cmTZl[`j `[b `[bP` Ts  `ba f j ]Za p`m] [cp`aaZb`
X 	]_TZP O[ ZX`[bZ][b pTjdPce`[aZs m` X` pe]pO[ X` p`a Ts  `ba V S]P `u`jdm` f aZ m`a Ts  `ba
P`dPca`[b`[b X`a ][Zj ]Ou f ]mTPa m` U]Zb yO 	O[ mZT[ aTZb dmOa dPT pe` X 	O[ pe]b yO` X 	O[
peZ`[ ]dd TPb` X` m 	Z[UTPj ]bZT[ V \ ` j

j` f aZ m`a Ts  `ba aT[b X`a XTpOj `[ba bZbPca f ]mTPa m`



























]dd TPb` X` m 	Z[UTPj ]bZT[ V
S]P pT[bP` f aZ ]OpO[ ZX`[bZ][b pTjdPce`[aZs m` [ 	`ab ]aaT pZc ]Ou Ts  `ba f ]mTPa m] dPTu Z
jZbc Tsa`P_c` `[bP` X`Ou Ts  `ba [ 	]ddTPb`P] ]OpO[` Z[UTPj ]bZT[ V n`a X`Ou b`pe[ZyO`a
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V V
n`a ]PsP`a X` XcpZaZT[ aT[b X`a abPOpbOP`a aTO_`[b ObZmZac`a d TOP UTOP[ZP O[ PcaOmb]b
pTjdPce`[aZs m` 
 m 	ObZmZa]b`OP V wP m`a Pklm`a T[b O[ dTb`[bZ`m `udP`aaZU d mOa ZjdTPb][b yO`
m`a ]PsP`a X` XcpZaZT[ V zZ [TOa pT[aZXcPT[a m` p]a dPca`[bc d]P m] lOP`  V

d]P `u`jdm` f
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Wu`jdm` X`  `O X` XT[[c`a V
n] UTPj ]mZa]bZT[ X` p`bb` P`dPca`[b]bZT[ 

































C2 : X ∈ [20, 40] `b Y ∈ [20, 40]
S]P pT[bP` f O[ ]PsP` X` XcpZaZT[ Tsb`[O X][a O[ b`m p]a d TOPP]Zb

bP` p`mO Z dPca`[bc
d]P m] lOP`  V V wP aZ m 	T[ Tsa`P_` pTjj`[b `ab p]P]pbcPZac m` pmOab`P
C1
X][a p` p]a f











m`OP ]dd]Pb`[][p` ]O pmOab`P V \ ][a O[ b`m p]a f m 	ObZmZa]bZT[ X` Pklm`a d `Pj `b XT[p X`
j Z[Zj Za`P m` [TjsP` X 	]bbPZsOba [cp`aa]ZP`a d TOP p]P]pbcPZa`P m`a pmOab`Pa V
X > 60
C0 Y > 60
C1 C2
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Wu`jdm` X 	]PsP` X` XcpZaZT[ Tsb`[O aOP m`  `O X` XT[[c`a V
S]P ]Zmm`OPa f X][a X`a p]a pTjj` p`Ou yOZ aT[b dPca`[bca X][a m] lOP`  Vo f m] X`a
pPZdbZT[ X`a pmOab`Pa d]P X`a Pklm`a `ab dmOa ]ddPTdPZc` yO` p`mm` ObZmZa][b m`a ]PsP`a X`
XcpZaZT[ p]P m`a Pklm`a d `Pj `bb`[b []bOP`mm`j `[b m] dPZa` `[ pTjdb` X`a pe`_]Ope`j `[ba
`[bP` pmOab`Pa f ]mTPa yO` m`a ]PsP`a X` XcpZaZT[ [` d TOPPT[b U]ZP` ]ObP`j `[b yO` X` Xc
pTOd `P m 	O[ X`a pmOab`Pa `[ X`Ou V W[ ` `b f X][a m`a X`Ou p]a f m` dP`j Z`P b`ab X` m 	]PsP`
X` XcpZaZT[ X`_P] d TPb`P aOP O[ XcpTOd]l` `[

TO  aOP m 	O[ X`a X`Ou ]u`a f p` yOZ ]OP]





































b X` m 	ObZmZa]bZT[ X` Pklm`a d TOP P`dPca`[b`P m`a pmOab`Pa V
^ bZmZa`P X`a eQd `PP`pb][lm`a dmObb yO` X`a eQd `P`mmZdaTX`a d TOP P`dPca`[b`P m`a
pmOab`Pa d `Pj `b d]P ]Zmm`OPa 











dmOa f p]mpOm`P m 	]dd]Pb`[][p` X`a Ts  `ba ]Ou pmOab`Pa mTPayO` p`Ou pZ aT[b P`dPca`[bca d]P
X`a eQd `PP`pb][lm`a `ab j TZ[a pTb`Ou yO` mTPayO` X`a eQd `P`mmZdaTX`a aT[b ObZmZaca f p`
yOZ d `Pj `b `[ d]PbZpOmZ`P f [TOa m` _`PPT[a X][a m] aOZb` f X` aZjdmZ`P dmOa []bOP`mm`j `[b
m`OP X`apPZdbZT[ `[ PcXOZa][b m` [TjsP` X 	]bbPZsOba pT[aZXcPca V
w[ P`dPca`[b` ]OaaZ aTO_`[b m`a pmOab`Pa d]P m`OPa p`[bPTX`a f j ]Za X][a X` [TjsP`Ou
p]a f m`a XZcP`[p`a `[bP` pmOab`Pa [` aT[b ]Z[aZ d]a j Za`a `[ ]_][b f aOPbTOb mTPayO` m`
[TjsP` X 	]bbPZsOba XcpPZ_][b p`a p`[bPTX`a `ab Zjd TPb][b V \ ` dmOa f aZ X][a m` dP`j Z`P
p]a X` m] lOP`  Vo f m`a XZcP`[p`a `[bP`a pmOab`Pa d `O_`[b

bP` j Za`a `[ ]_][b d]P m]
dPca`[b]bZT[ X`a p`[bP`a X` pmOab`Pa f `mm`a [` m` a`PT[b d]a XO bTOb X][a m` X`Ou Zkj ` p]a







z]P] a `b ]m Vf ;;o f X`a j cbeTX`a aT[b dPTd Tac`a d TOP P`pe`P
pe`P X`a `[a`jsm`a X` Pklm`a d TOP P`dPca`[b`P m`a XT[[c`a V n] dP`j ZkP` `ab s]ac` aOP O[`
pPc]bZT[ ]ap`[X][b` X` p`a Pklm`a ]mTPa yO` m] a`pT[X` ObZmZa` O[ ]mlTPZbej ` lc[cbZyO`
d TOP m`OP UTPj ]bZT[ V i`d `[X][b f p`a X`Ou j cbeTX`a aT[b s]ac`a aOP m 	ObZmZa]bZT[ X 	O[
a`OZm X` X`[aZbc X`a Pklm`a dPTXOZb`a yOZ XTZb

bP` UTOP[Z d]P m 	ObZmZa]b`OP V wP X` b`ma
d]P]j kbP`a aT[b aTO_`[b XZ pZm`a 
 UTOP[ZP f `b m`a PcaOmb]ba aT[b Xcd `[X][ba X`a _]m`OPa
peTZaZ`a V \ ` dmOa f X` b`mm`a j cbeTX`a s]ac`a aOP m 	ObZmZa]bZT[ X 	O[ a`OZm X` X`[aZbc Xc[Z
X` j ][ZkP` lmTs]m` [` aT[b d]a p]d]sm`a X` pZs m`P X`a pmOab`Pa ]Q][b X`a X`[aZbca bPka
XZ cP`[b`a V
v Z[]m`j `[b f d TOP m] j Za` `[ O_P` X` [TbP` j cbeTX` f [TOa ]_T[a XT[p peTZaZ X` [TOa
s]a`P aOP m 	ObZmZa]bZT[ X` Pklm`a d TOP P`dPca`[b`P m`a pmOab`Pa ZX`[bZca f `b X` j Z[Zj Za`P
m` [TjsP` X` pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP V
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 
(*-0-0,,+ +,- )* ),+ /0 +,0,
n] sPZyO` X` s]a` X` [TbP` j cbeTX` `ab O[ ]mlTPZbej ` X` d]PbZbZT[[`j `[b aOP O[`
XZj `[aZT[ f yOZ a`P] ObZmZac aOP [ 	Zjd TPb` yO`m aTOa`[a`jsm` X 	Ts  `ba `b [ 	ZjdTPb` yO`mm`
XZj `[aZT[ X` U]T[ ZbcP]bZ_` V
w[ d `Ob 





_]m`OPa aOP O[` a`Om` XZj `[aZT[ {v1, ..., vn} V \ ][a m` p]a X 	O[` XZj `[aZT[
[Oj cPZyO` f O[` dP`j ZkP` ]ddPT pe` d TaaZs m` pT[aZab` 
 XZ_Za`P p`b `[a`jsm` `[ X`Ou `[
pTOd][b `[bP` m`a X`Ou _]m`OPa pT[acpObZ_`a acd]Pc`a d]P m] dmOa lP][X` XZab][p` V zZ m`a
_]m`OPa
vi




i=1 (vi+1 − vi)
i`bb` b`pe[ZyO` `ab ]mTPa bTOb 
 U]Zb ` p]p` mTPayO` X`a acd]P]bZT[a ZjdTPb][b`a
`[bP` m`a XT[[c`a `u Zab`[b aOP p`Pb]Z[`a XZj `[aZT[a f `b a 	Zm [ 	Q ] d]a X` sPOZb X][a m`a
XT[[c`a V i 	`ab m` p]a X][a m 	`u`jdm` X` m] lOP`  V f T O[ `[a`jsm` X` XT[[c`a dPT `bc`a
aOP O[` XZj `[aZT[ aOZ_`[b X`Ou XZabPZsObZT[a X` dPTs]sZmZbca X` X`[aZbc sZ`[ acd]Pc`a V
S]P pT[bP` f m] dPca`[p` X` sPOZb X][a m`a XT[[c`a PZayO` X` j `bbP` p`bb` j cbeTX`
`[ XcU]Ob 
 p]Oa` X` m 	]dd]PZbZT[ X 	Ts  `ba sPOZbca X][a m`a T[`a X` acd]P]bZT[ X`a
lPTOd `a V \ ` m] j

j` j ][ZkP` f aZ m`a XT[[c`a [` aT[b yO` U]Zs m`j `[b acd]Pc`a mTPa X`
m`OP dPT `pbZT[ aOP O[` XZj `[aZT[ f ]mTPa m] j cbeTX` d `Ob cl]m`j `[b cpeTO`P 
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Wu`jdm` X` acd]P]bZT[ X`a XT[[c`a dPT `bc`a aOP O[` XZj `[aZT[ V
j `Zmm`OP` T[` X` acd]P]bZT[ f j

j` a 	Zm `ab dmOa dPTs]sm` yO` m`a _]m`OPa pT[acpObZ_`a
acd]Pc`a d]P m] dmOa lP][X` XZab][p` a` aZbO`[b X][a m`a T[`a X` acd]P]bZT[ X`a lPTOd `a
dmObb yO 	`[ m`OPa p`[bP`a V ^[ b`m p]a `ab ZmmOabPc d]P m] lOP`  V V
^[` aTmObZT[ d TOP d]mmZ`P 
 p`bb` mZj Zb]bZT[ pT[aZab` 
 P`pe`Ppe`P m] XZab][p` j ]uZ
j]m` `[bP` X`Ou Ts  `ba pT[b`[Oa X][a O[ p`Pb]Z[ _TZaZ[]l` f ]O mZ`O X` pe`Ppe`P 
 j]uZ
jZa`P m] XZab][p` `[bP` Ts  `ba XZP`pb`j `[b _TZaZ[a V w[ ]j cmZTP` ]Z[aZ m] dPTs]sZmZbc X`
pZs m`P X`a Ts  `ba dPT pe`a X`a T[`a X` acd]P]bZT[ X`a lPTOd `a V \][a p` p]a f aZ m 	T[ d Ta`
r
m` [TjsP` X` _TZaZ[a 










i=1 (vi+r − vi)
n] T[` X` acd]P]bZT[ pTPP`ad T[X][b` a`P]Zb ]mTPa aZbOc` ]O j ZmZ`O X`a X`Ou Ts  `ba
acd]Pca d]P m] dmOa lP][X` XZab][p` f p 	`ab
XZP` 




j = ArgMaxn−ri=1 (vi+r − vi)
S]P ]Zmm`OPa f X 	]ObP`a j cbeTX`a dmOa pTjdm`u`a X` d]PbZbZT[[`j `[b aOP O[` XZj `[
aZT[ d `O_`[b

bP` pT[aZXcPc`a V n] j cbeTX` X` vZae`P

\ZX]Q `b ]m Vf
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Wu`jdm` X` XT[[c`a sPOZbc`a `b U]Zs m`j `[b acd]Pc`a V
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aT[b m`a X`Ou Z[b`P_]mm`a pTPP`ad T[X][b pPcca
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 p` [Z_`]O f XZ cP`[b`a j `aOP`a X` m] yO]mZbc Z[b`P[` X 	O[ d]PbZ
bZT[[`j `[b aOP O[` XZj `[aZT[ d `O_`[b
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_`PPT[a dmOa `[ Xcb]Zma X][a m` pe]dZbP`  dPca`[b][b [Ta `ud cPZj `[b]bZT[a m`a XZ cP`[p`a
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pi = Pd(Ck)
m] XZ_ ZaZT[ 
 ` `pbO`P aOP p`bb` XZj `[aZT[ V








1*0- + /+ (+  /0 00, )+ 0+
	 p` [Z_`]O f [TOa XZad TaT[a X 	O[ ]mlTPZbej ` yOZ f cb][b XT[[c` O[` d]PbZbZT[ pTO
P][b` f XcaZl[` m] XZ_ZaZT[ aOZ_][b` 
 ``pbO`P TO Z[XZyO` yO` dmOa ]OpO[` XZ_ZaZT[ [ 	`ab
d `PbZ[`[b` V  TOa `[ XcXOZaT[a []bOP`mm`j `[b m] j cbeTX` X` lc[cP]bZT[ X` [TO_`]Ou
pmOab`Pa 
 d]PbZP X 	O[` XZ_ZaZT[ acm`pbZT[[c`











aOP m`a Ts  `ba X`
D
Z[pmOb m`a cmcj `[ba X`
Dk
XT[b m`a pTTPXT[[c`a






Dl = {j ∈ Dk|xjd ∈ pii}
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d′ ∈ Sl [` aTZb
dmOa d `PbZ[`[b` R ]Z[aZ f a 	Zm [ 	`u Zab` ]OpO[ Ts 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(pi 6= ∅) 
K = K + 1
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P [k] = SubCluster(P [k], d, pi2)
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[c`a d `Pj `b X 	Tsb`[ZP X`a PcaOmb]ba dmOa U]pZm`j `[b Z[b`PdPcb]sm`a V






XZabPZsObZT[a Z[Xcd `[X][b`a aOP pe]yO` XZj `[aZT[ V n` j TXkm` `ab ]mTPa j TZ[a PZpe` yO`
m` j TXkm` pm]aaZyO` dP`[][b cl]m`j `[b `[ pTjdb` m`a pTPPcm]bZT[a d TaaZs m`a `[bP` XZj `[
aZT[a f dPca`[bc X][a m] a`pbZT[ o Vo f j ]Za p`bb` eQd Tbeka` X 	Z[Xcd `[X][p` ]dd TPb` X`
[TjsP`Ou ]_][b]l`a V
tTOb X 	]s TPX f [TOa _`PPT[a pTjj`[b p`m] [TOa d `Pj `b X` pZs m`P d TOP pe]yO` pmOab`P
m` aTOa`[a`jsm` X`a XZj `[aZT[a yOZ mO Z `ab m` dmOa ]ddPTdPZc V i`bb` eQd Tbeka` [TOa
XT[[` cl]m`j `[b m] d TaaZs ZmZbc X` pT[aZXcP`P XZ cP`[ba bQd `a X 	]bbPZsOba p]P]pbcPZa][b
m`a XT[[c`a V W mm` [TOa d `Pj `b ]OaaZ X` XcPZ_`P XO j TXkm` O[` becTPZ` pTjdPce`[aZs m` `[
P`dPca`[b][b pe]yO` pmOab`P aTOa UTPj ` X` Pklm` eQd `PP`pb][lm` X][a O[ aTOa`ad]p` X`
m 	`ad]p` TPZlZ[]m X` X`apPZdbZT[ X`a Ts  `ba f dOZayO` pe]yO` XZj `[aZT[ `ab p]P]pbcPZac`
Z[Xcd `[X]jj`[b X`a ]ObP`a V W[[ f m 	]mlTPZbej ` `ab ]mTPa dmOa P]dZX` yO` m 	]mlTPZbej `






m` [TjsP` X` XZj `[aZT[a X` m 	`ad]p` X` X`apPZdbZT[ X`a Ts  `ba `b m`a Td cP]bZT[a
j ]bPZpZ`mm`a aT[b c_Zbc`a V
zZ ]O pT[bP]ZP` m] j cbeTX` `ab pT[UPT[bc` 
 O[` s]a` X` XT[[c`a d TOP m]yO`mm` p`bb`
eQd Tbeka` X 	Z[Xcd `[X][p` X`a XZj `[aZT[a [ 	`ab d]a _cPZc` f ]mTPa [TOa _`PPT[a X][a m]
X`P[ZkP` a`pbZT[ X` p` pe]dZbP` yO` m`a PcaOmb]ba yO` [TOa Tsb`[T[a d `O_`[b yO][X j

j`
]ddTPb`P X` m 	Z[UTPj ]bZT[ Z[bcP`aa][b` aOP m` dPTsmkj ` pT[aZXcPc V
  
-(-0,
n`a [Tb]bZT[a ObZmZac`a X][a p` pe]dZbP` P`dP`[[`[b p`mm`a dPca`[bc`a X][a m] a`p
bZT[  V f ]OuyO`mm`a [TOa ] TObT[a p`mm`a [cp`aa]ZP`a d TOP P`dPca`[b`P m`a j TXkm`a dPT
s]sZmZab`a ]aaTpZca ]Ou pmOab`Pa V
w[ [Tb`
θk





XZj `[aZT[a d `PbZ[`[b`a d TOP p` pmOab`P f `b
Rk
m] Pklm` yOZ mO Z `ab ]aaTpZc` V 6 b][b XT[[c
K
m` [TjsP` bTb]m X` pmOab`Pa P`pe`Ppeca f
θ = {θk|k ∈ [1,K]} P`dPca`[b` ]mTPa m 	`[a`jsm`
XO j TXkm` d]P]j cbPZyO` ]aaT pZc 
 m] d]PbZbZT[
P = {Ck|k ∈ [1,K]} V
 TOa pT[aZXcPT[a ZpZ yO` m`a XT[[c`a d `O_`[b

bP` p]P]pbcPZac`a d]P X`Ou bQd `a X 	]b
bPZsOba R m`a ]bbPZsOba [Oj cPZyO`a `b m`a ]bbPZsOba p]bclTPZ`ma V zOP m`a ]bbPZsOba [Oj c
PZyO`a f [TOa U]ZaT[a m 	eQd Tbeka` yO` m`a XT[[c`a aT[b lc[cPc`a a`mT[ X`a XZabPZsObZT[a




V zOP m`a ]bbPZsOba p]bc
lTPZ`ma f [TOa U]ZaT[a m 	eQd Tbeka` yO` m`a XT[[c`a aT[b lc[cPc`a a`mT[ X`a XZabPZsObZT[a
jOmbZ[Tj Z]m`a f P`dPca`[bc`a d]P O[ _`pb`OP X` UPcyO`[p`a −−−−→
Freqs
aOP m 	`[a`jsm` X`a j T
X]mZbca d TaaZs m`a X` m 	]bbPZsOb pT[aZXcPc V
v Z[]m`j `[b f O[ pmOab`P
Ck
`ab XT[p aOddTac lc[cPc d]P O[ j TXkm`
θk
f pTjd Tac
X 	O[` dPTs]sZmZbc XO pmOab`P [Tbc`
pik
f X 	O[ p`[bP`
µkd
`b X 	O[` Xc_Z]bZT[ ab][X]PX
σkd
aOP bTOb` XZj `[aZT[ [Oj cPZyO`
d
f `b X 	O[` UPcyO`[p`
Freqskd(mod)
aOP pe]yO` j TX]mZbc
mod ∈Modalitesd X` pe]yO` XZj `[aZT[ p]bclTPZ`mm` d V
S]P `u`jdm` f [TbT[a
C1
m` pmOab`P a` aZbO][b 
 XPTZb` X][a m] lOP`  V V n`a [Tb]bZT[a
]aaT pZc`a aT[b ]mTPa m`a aOZ_][b`a R
 D1 = {5, 6, 7, 8, 9} P`dPca`[b` m 	`[a`jsm` X`a Ts  `ba ]aaTpZca 
 C1  
 N1 = 5




































 !   V

Tb]bZT[a aOP m 	`u`jdm` V
 S1 = {d1, d2} P`dPca`[b` m` aTOa`ad]p` X` X`apPZdbZT[ ]aaT pZc ]O pmOab`P f dOZayO`
m`a Ts  `ba aT[b dPT pe`a aOP p`a X`Ou XZj `[aZT[a  
 θ1 = (pi1 = 0.33, µ11 = 0.9, σ11 = 0.05, µ12 = 0.4, σ12 = 0.1)
P`dPca`[b` m` j TXkm`






R1 = {d1 ∈ [0.8, 1]} `ab m] Pklm` yOZ mO Z `ab ]aaT pZc` f Xc[Z` aOP O[` a`Om`
XZj `[aZT[ dOZayO` p`m] aO b 
 XZabZ[lO`P p` pmOab`P X`a ]ObP`a V
   
,0-0(10(-0, /)  / 1+
\][a O[ dP`j Z`P b`jda f [TOa aOddTaT[a yO` m` [TjsP`
K
X` pmOab`Pa P`pe`Ppeca `ab
pT[[O V n 	Z[ ZbZ]mZa]bZT[ XO jTXkm` a` U]Zb ]mc]bTZP`j `[b 
 d]PbZP X`a XT[[c`a `[ ObZmZa][b
O[` j cbeTX` X` bQd ` j`][a V
w[ acm`pbZT[[` X 	]s TPX ]mc]bTZP`j `[b
K
Ts  `ba X` m] s]a` a`P_][b X` p`[bPTX`a
Z[ ZbZ]Ou −→µk X`a pmOab`Pa Ck V ie]yO` Ts  `b −→xi `ab `[aOZb` ]aaT pZc ]Ou j `jsP`a Dk XO
pmOab`P
Ck



















(xid − µkd)2 aZ d [Oj cPZyO`
n`a d]P]j kbP`a X`a pTjd Ta][b`a XO j cm][l`
θk
aT[b `[aOZb` Z[ ZbZ]mZaca `[ UT[pbZT[
X` m 	`[a`jsm`
Dk
X`a Ts  `ba ]aaT pZca ]Ou pmOab`Pa pTjj ` aOZb R

















∀ d [Oj cPZyO`
Freqskd(mod) =
|{i ∈ Dk|xid = mod}|
Nk
∀ d p]bclTPZ`mm` ∀ mod ∈Modalitesd




f `b d TOP O[ [TjsP` XT[[c X` pmOab`Pa
K
f `ab dPca`[bc` d]P m 	]mlT
PZbej `  V
 & 
-0 0(-0, /)  / 1+





 dPca`[bc` X][a m] a`pbZT[ o Vo f j ]Za `[ b`[][b pTjdb` X` m 	eQd Tbeka` X 	Z[Xc
d `[X][p` X`a XZj `[aZT[a V n`a Xcj T[abP]bZT[a becTPZyO`a ]Q][b j `[c ]Ou cyO]bZT[a dPc
a`[bc`a pZ]dPka aT[b XZad T[Zsm`a `[ ][[`u`a \ V

V STOP P]dd `m f m] j cbeTX` Wq pT[aZab`
`[ O[` aOpp`aaZT[ X` X`Ou de]a`a d `Pj `bb][b X 	TdbZj Za`P m` j TXkm` 
 pe]yO` cb]d ` R

V cb]d ` W Wad cP][p` R p]mpOm`P m`a dPTs]sZmZbca X 	]dd]Pb`[][p` X`a Ts  `ba ]Ou
pmOab`Pa `[ UT[pbZT[ X`a d]P]j kbP`a pTOP][ba XO j TXkm`
θ
 
 V cb]d ` q q]uZj Za]bZT[  R j `bbP` 
  TOP m`a d]P]j kbP`a XO j TXkm`
θ
`[ UT[pbZT[
X`a [TO_`mm`a dPTs]sZmZbca X 	]dd]Pb`[][p` X`a Ts  `ba ]Ou pmOab`Pa V
S mOa UTPj `mm`j `[b f m 	cb]d ` X 	Wad cP][p` pT[aZab` 




 ``pbO`P m`a p]mpOma aOZ_][ba d TOP bTOb Ts  `b −→xi `b bTOb pmOab`P Ck R




	 p` [Z_`]O f cb][b XT[[c yO` m`a pmOab`Pa aT[b Xc[Za aOP m 	`[a`jsm` X`a XZj `[aZT[a
X` X`apPZdbZT[ X` m 	`ad]p` dOZayO 	]OpO[` acm`pbZT[ X 	]bbPZsOba [ 	`ab ` `pbOc` f T[ ] R


































D = (−→x1, ...,−→xN ) O[ `[a`jsm` X 	Ts  `ba f `b K m` [TjsP` X` pmOab`Pa P`pe`Ppeca V
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p`[bPTX` Z[ZbZ]m XO pmOab`P
Ck
acm`pbZT[[c ]mc]bTZP`j `[b d]Pj Z
































Dist(−→xi ,−→µk) < minDist 	8,










] TOb`P −→xi 



































































jTXkm` d]P]j cbPZyO` Z[ZbZ]m
θ = (θ1, ..., θK)
V





P (−→xi |θ) =
K∑
k=1
pik × P (−→xi |θk)






SOZa m 	cb]d ` X` q ]uZj Za]bZT[ pT[aZab` 
 aOdd Ta`P uc`a m`a dPTs]sZmZbca X 	]dd]Pb`
[][p` X`a Ts  `ba ]Ou pmOab`Pa f `b 
 j`bbP` 














i∈D P (θk|−→xi)× xid∑
i∈D P (θk|−→xi)
∀ d [Oj cPZyO`
σkd =
√∑
i∈D P (θk|−→xi)× (xid − µkd)2∑
i∈D P (θk|−→xi)





∀ d p]bclTPZ`mm` ∀ mod ∈Modalitesd
im]aaZyO`j `[b f p`a X`Ou cb]d `a aT[b ZbcPc`a OayO 	
 p` yO` m] mTl_P]Za`jsm][p` XO
j TXkm` d]P P]dd TPb ]Ou XT[[c`a
LL(θ|D) a 	]j cmZTP` d `O X 	O[` ZbcP]bZT[ 
 m 	]ObP` V O
bP`j `[b XZb f m] j cbeTX` a 	]PP

b` mTPayO`





log P (−→xi |θ)
^[ ]ObP` pPZbkP` X 	]PP

b d TaaZs m` f X` bQd ` j`][a f pT[aZab` 
 abTdd `P m 	TdbZj Za]bZT[
XO jTXkm` mTPayO` m` pmOab`P m` dmOa dPTs]sm` X` pe]yO` Ts  `b [ 	`ab d]a XZ cP`[b X 	O[`
ZbcP]bZT[ 
 m 	]ObP` V

ObP`j `[b XZb f m] j cbeTX` a 	]PP

b` mTPayO` m`a `[a`jsm`a
Dk
X 	Ts  `ba
]aaT pZca ]Ou pmOab`Pa [` pe][l`[b d]a X 	O[` ZbcP]bZT[ 
 m 	]ObP` V
Dk = {−→xi |ArgmaxKj=1P (−→xi |θj) = k}
i`bb` X`OuZkj ` ]ddPTpe` [ 	cb][b d]a pm]aaZyO` X][a m` p]XP` XO pmOab`PZ[l ab]bZa
bZyO` f [TOa _`PPT[a X][a m] d]PbZ` `ud cPZj `[b]m` XO pe]dZbP`  m`a pT[acyO`[p`a X` aT[
ObZmZa]bZT[ aOP m`a PcaOmb]ba Tsb`[Oa V
v Z[]m`j `[b f m] j cbeTX` yO` [TOa _`[T[a X` XcpPZP` `ab PcaOj c` d]P m 	]mlTPZbej ` 
`b pTPP`ad T[X 











i][XZmmZ`P `b ]m Vf ;;s  X][a m] aOZb` V n] _]m`OP X`
δ
f dPcpZa][b m 	cp]Pb j Z[Zj ]m `[bP` X`Ou _]m`OPa aOpp`aaZ_`a X` m] mTl_P]Za`jsm][p` d TOP


















D = (−→x1, ...,−→xN ) O[ `[a`jsm` X 	Ts  `ba f θ = (θ1, ..., θK) O[ jTXkm` d]P]j c




m` a`OZm aOP m`a _]m`OPa
aOpp`aaZ_`a X` m] mTl_P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a V






































































i∈D P (θk|−→xi )×xidP
i∈D P (θk|−→xi )
σkd =
√P
i∈D P (θk|−→xi )×(xid−µkd)2P











































i ∈ Dk 











c 6= k ][X P (−→xi , θc) > maxP  	8,
maxP = P (−→xi , θc)
move(−→xi ,Dk,Dc)
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jTXkm` d]P]j cbPZyO` TdbZj Zac










 1+-0, / (--*0)-
W[ ObZmZa][b O[ b`m j TXkm` f bTOb`a m`a XZj `[aZT[a [ 	T[b d]a m] j

j` Zjd TPb][p`
X][a m] Xcb`Pj Z[]bZT[ X` m 	]dd]Pb`[][p` X`a Ts  `ba ]Ou pmOab`Pa V W[ ``b f m` j TXkm`
d T[XkP` X` j ][ZkP` Z[bPZ[akyO` m 	Zjd TPb][p` X` pe]yO` XZj `[aZT[ d TOP pe]yO` pmOab`P V
S]P `u`jdm` d TOP O[` XZj `[aZT[ [Oj cPZyO` f O[` Xc_Z]bZT[ ab][X]PX cm`_c` _] Z[XOZP`
O[ dTZXa U]Zs m` X` m] XZj `[aZT[ ]mTPa yO 	O[` U]Zs m` Xc_Z]bZT[ ab][X]PX _] Z[XOZP` O[
dTZXa ZjdTPb][b X` m] XZj `[aZT[ d TOP m] p]P]pbcPZa]bZT[ X` m 	]dd]Pb`[][p` X`a Ts  `ba
]O pmOab`P V
 TOa d TO_T[a p`d `[X][b ]mm`P dmOa mTZ[ `b acm`pbZT[[`P O[ aTOa`[a`jsm` X`a XZj `[
aZT[a m`a dmOa d `PbZ[`[b`a d TOP pe]yO` pmOab`P V
^[` aTmObZT[ d TOP p`m] pT[aZab` 
 pTjd]P`P aOP pe]yO` XZj `[aZT[ m] _P]Za`jsm][p`
X` [TbP` j TXkm` l]OaaZ`[ TO jOmbZ[Tj Z]m d]P P]dd TPb 
 p`mm` X 	O[ jTXkm` O[ZUTPj ` V

Z[aZ f aZ m] _P]Za`jsm][p` X 	O[ jTXkm` O[ZUTPj ` `ab dmOa Zjd TPb][b` yO` p`mm` X` [TbP`
j TXkm` f ]mTPa m] XZj `[aZT[ `ab pT[aZXcPc` pTjj` [T[ d `PbZ[`[b` d TOP m` pmOab`P V













V \ ][a m` p]a X 	O[ jTXkm` O[ZUTPj ` aOP O[` XZj `[aZT[ [Oj cPZyO`
θUn
f pTjj ` [TOa
]_T[a U]Zb m 	eQd Tbeka` yO` m`a _]m`OPa X`a Ts  `ba aOP m`a XZj `[aZT[a [Oj cPZyO`a
aT[b [TPj ]mZac`a `[bP` ; `b

f T[ ] R
P (xid|θUn) = 1 ∀ i ∈ D ∀ d
[Oj cPZyO`
S]P pT[acyO`[b f
LL(θUn |Ck, d) = 0
f `b XT[p O[` XZj `[aZT[ [Oj cPZyO`
d
`ab pT[aZ
XcPc` pTjj` d `PbZ[`[b` d TOP O[ pmOab`P
Ck
aZ R
LL(θkd|Ck, d) > 0
 V ^[` XZabPZsObZT[ O[ZUTPj `
θUc







w[ ] XT[p R
LL(θUc |Ck, d) = −Nk × log |Categoriesd|






LL(θkd|Ck, d) `ab bTO TOPa aOd cPZ`OP 
 LL(θUc |Ck, d)
`b yO` m`a X`Ou _]
m`OPa aT[b [cl]bZ_`a f Zm `ab d TaaZs m` X 	Z[bPTXOZP` O[` pT[ab][b`
0 < α < 1
`b X`
d Ta`P yO` m] XZj `[aZT[ p]bclTPZ`mm`
d
`ab d `PbZ[`[b` d TOP m` pmOab`P
Ck
aZ R








   	 	 
i`d `[X][b f TObP` m] XZ pOmbc X` u`P p` d]P]j kbP`
α
dTOP m`a XZj `[aZT[a p]bclT
PZ`mm`a f O[ Z[pT[_c[Z`[b X` p`bb` aTmObZT[ d TOP acm`pbZT[[`P m`a XZj `[aZT[a d `PbZ[`[b`a
X`a pmOab`Pa `ab yO 	`mm` [cp`aaZb` X` d]PpTOPZP m 	`[a`jsm` X`a _]m`OPa X`a Ts  `ba f p` yOZ
Z[XOZb O[ b`jda X` p]mpOm aOddmcj `[b]ZP` Zjd TPb][b V
 TOa dPTd TaT[a XT[p O[` ]ObP` ]mb`P[]bZ_` yOZ ``pbO` m] acm`pbZT[ X`a XZj `[aZT[a
d `PbZ[`[b`a X`a pmOab`Pa XZP`pb`j `[b `[ UT[pbZT[ X`a d]P]j kbP`a pTOP][ba XO j TXkm` V
STOP p`m] f [TOa ] TObT[a ]O j TXkm` O[` j ]bPZp` X` d TZXa
W
X` m 	`[a`jsm` X`a XZ
j`[aZT[a aOP m 	`[a`jsm` X`a pmOab`Pa V i`a d TZXa
Wkd
pTPP`ad T[X`[b ]O P]dd TPb `[bP`
Xc_Z]bZT[ ab][X]PX mTp]m` `b lmTs]m` d]P P]dd TPb 

µkd
aOP m`a XZj `[aZT[a [Oj cPZyO`a f
`b 

























W[[ f [TOa ]TObT[a ]O j TXkm` m` d]P]j kbP`
R
yOZ Z[XZyO` pTjsZ`[ X` XZj `[aZT[a
d `PbZ[`[b`a pT[aZXcP`P d TOP pe]yO` pmOab`P V n 	`[a`jsm`
Sk





XZj `[aZT[a yOZ j ]uZj Za`[b m`OP d TZXa
Wkd
V
S]P p` j TXkm` f [TOa d TaT[a yO` bTOa m`a pmOab`Pa T[b m` j

j` [TjsP` X` XZj `[aZT[a
d `PbZ[`[b`a f j

j` aZ m`a XZj `[aZT[a acm`pbZT[[c`a d `O_`[b

bP` XZcP`[b`a X 	O[ pmOab`P

 m 	]ObP` V zZ p` [ 	`ab d]a m` p]a f ]mTPa yO`myO`a XZj `[aZT[a [T[ d `PbZ[`[b`a d `O_`[b

bP`
acm`pbZT[[c`a d TOP p`Pb]Z[a pmOab`Pa V i`d `[X][b f m 	Z[ O`[p` X` b`mm`a XZj `[aZT[a [T[
d `PbZ[`[b`a a`P] j TZ[a Zjd TPb][b` yO` p`mm` X`a XZj `[aZT[a d `PbZ[`[b`a dOZayO` f pTjj `
[TOa m 	]_T[a `udmZyOc dPcpcX`jj`[b f m 	ZjdTPb][p` X`a XZj `[aZT[a d TOP pe]yO` pmOab`P
`ab Z[bPZ[akyO`j `[b Xcb`Pj Z[c` d]P m] UTPj ` X` m] XZabPZsObZT[ X`a j `jsP`a X`a pmOab`Pa
aOP m`a XZj `[aZT[a V
i`bb` acm`pbZT[ X`a ]bbPZsOba d `PbZ[`[ba X`a pmOab`Pa d `Ob

bP` ``pbOc` O[ZyO`j `[b
X][a m] de]a` X 	Z[ ZbZ]mZa]bZT[ XO jTXkm` f dOZa p`a ]bbPZsOba acm`pbZT[[ca aT[b pT[a`P_ca
bTOb ]O mT[l X` m 	TdbZj Za]bZT[ XO jTXkm` f TO sZ`[ ]O pT[bP]ZP` f p`a aTOa`[a`jsm`a
X 	]bbPZsOba d `PbZ[`[ba ]aaTpZca ]Ou pmOab`Pa d `O_`[b

bP` j Za 
 TOP 
 pe]yO` ZbcP]bZT[
X` m] j cbeTX` Wq V i 	`ab m` dP`j Z`P peTZu yO` [TOa ]_T[a P`b`[O f m`a d `PUTPj ][p`a X`
m] j cbeTX` a 	`[ bPTO_][b d `O pe][lc`a ]mTPa yO` m` b`jda X 	`ucpObZT[ X` m] j cbeTX`
`ab [`bb`j `[b ]j cmZTPc V











i][XZmmZ`P `b ]m Vf ;;s  m] j cbeTX` X` pmOab`PZ[l j `bb][b `[ O_P` p`bb`
acm`pbZT[ X 	]bbPZsOba V

O [Z_`]O ]mlTPZbej ZyO` f a`Om` O[` cb]d ` `ab ]TObc` mTPa X` m 	Z[ Z
bZ]mZa]bZT[ XO jTXkm` f ][ X 	` `pbO`P m] acm`pbZT[ X`a XZj `[aZT[a m`a dmOa d `PbZ[`[b`a X`a
pmOab`Pa V n] [TO_`mm` dPTpcXOP` X 	Z[ ZbZ]mZa]bZT[ `ab UTOP[Z` d]P m 	]mlTPZbej `  V W[aOZb` f
d TOP m 	TdbZj Za]bZT[ XO jTXkm` f m`a cb]d `a aT[b m`a j

j`a f j ]Za p`bb` UTZa f m`a `[a`jsm`a
Sk
X` XZj `[aZT[a ]aaT pZc`a ]Ou pmOab`Pa aT[b ad cpZyO`a 














D = (−→x1, ...,−→xN ) O[ `[a`jsm` X 	Ts  `ba f K m` [TjsP` X` pmOab`Pa P`pe`Ppeca f
`b
R





























XZj `[aZT[a X` d TZXa j ]uZjOj `b m`a abT p`P X][a
Sk
θk = (pik,







jTXkm` d]P]j cbPZyO` Z[ZbZ]m




 1+-0, /+  / 1+
n`a PcaOmb]ba X 	O[` `ucpObZT[ X` m] j cbeTX` Z[ ZbZ]mZa]bZT[ dOZa TdbZj Za]bZT[ XO jT
Xkm` Xcd `[X`[b UTPb`j `[b X` m] aTmObZT[ Z[ZbZ]m` dPTd Tac` f p 	`ab
XZP` yO` m` PcaOmb]b
d `Ob

bP` O[ TdbZjOj mT p]m V STOP b`[b`P X 	]bb`Z[XP` m 	TdbZjOj lmTs]m f Zm `ab XT[p [c
p`aa]ZP` X 	ZbcP`P m] j cbeTX` O[ p`Pb]Z[ [TjsP` X` UTZa `b X` acm`pbZT[[`P m` PcaOmb]b




 d]PbZP X` XZcP`[b`a Z[ ZbZ]mZa]bZT[a ]mc]bTZP`a f dOZa m` j TXkm`
θ
yOZ
TdbZj Za` a] mTl_P]Za`jsm][p`
LL(θ|D) d]P P]dd TPb ]Ou XT[[c`a D `ab pT[a`P_c V

ObP`j `[b XZb f m] j cbeTX` pT[aZab` 
 lc[cP`P dmOaZ`OPa j TXkm`a d TaaZs m`a d TOP P`
dPca`[b`P m`a XT[[c`a f dOZa 
 peTZaZP m` j TXkm` m` dmOa _P]Za`jsm]sm` V \][a O[ b`m p]a f
pTjj ` Zm a 	]lZb X` pTjd]P`P XZ cP`[ba j TXkm`a ]Q][b m] j





j` [TjsP` X` d]P]j kbP`a f ObZmZa`P m` pPZbkP` X` _P]Za`jsm][p` yOZ pT[abZbO` O[
pPZbkP` X` m] yO]mZbc Z[b`P[` XO pmOab`PZ[l  `ab aO a][b d TOP Xcb`Pj Z[`P m` j TXkm` m`
dmOa ]ddPTdPZc ]Ou XT[[c`a V
zZ ]O pT[bP]ZP` T[ aTOe]Zb` c_]mO`P m` j TXkm` m` dmOa ]ddPTdPZc ]Ou XT[[c`a d]Pj Z
O[ `[a`jsm` X` j TXkm`a X` pTjdm`u Zbca XZ cP`[b`a f ]mTPa m] aZjdm` ObZmZa]bZT[ X` m]
_P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a [ 	`ab d]a aO a][b` V rm U]Ob X][a p`
p]a bPTO_`P O[ pTjdPTj Za `[bP` m] _P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a
`b a] pTjdm`u Zbc V w[ P`bPTO_` XT[p 
 p` [Z_`]O m` pTjdPTj Za pm]aaZyO` `[bP` ad cpZpZbc
`b lc[cP]mZa]bZT[ XO jTXkm` dPTd Tac V
S mOaZ`OPa pPZbkP`a T[b cbc dPTd Taca d TOP p`m] yOZ ]TOb`[b ]O p]mpOm X` m] _P]Za`j 
sm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a O[ b`Pj ` yOZ b`[X 
 d c[]mZa`P m`a j TXkm`a m`a
dmOa pTjdm`u`a V n`a XZ cP`[ba pPZbkP`a a` XZcP`[pZ`[b XT[p aOP m`OP U]T[ X` d c[]mZa`P
m`a j TXkm`a m`a dmOa pTjdm`u`a V S]Pj Z p`Ou m









; f TO sZ`[ m` pPZbkP` rin r[b`lP]b`X iTj 
dm`b`X nZ`mZeTTX 









   	 	 




 f Xc[Z pTjj` aOZb R
BIC(θ|D) = −2× LL(θ|D) +Mθ × logN  Vo
n] _]m`OP X` p` pPZbkP` XTZb

P` j Z[Zj Zac` d TOP TdbZj Za`P m] d `PbZ[`[p` XO j TXkm` d]P
P]dd TPb ]Ou XT[[c`a V
Mθ
P`dPca`[b` m` [TjsP` X` d]P]j kbP`a Z[Xcd `[X][ba XO j TXkm` f











|Modalitesd| aZ d p]bclTPZ`mm`




yO` [TOa dPTd TaT[a f p` pPZbkP` xri
d `Ob XT[p

bP` ObZmZac d TOP Xcb`Pj Z[`P ]ObTj ]bZyO`j `[b m`a d]P]j kbP`a XO j TXkm` m`a
dmOa ]ddPTdPZca ]Ou XT[[c`a V n`a X`Ou j cbeTX`a [cp`aaZb`[b X` ad cpZ`P m` [TjsP`
K
X`
pmOab`Pa P`pe`Ppeca f `b m] X`Ou Zkj ` j cbeTX`

[cp`aaZb` cl]m`j `[b m] ad cpZp]bZT[
XO d]P]j kbP`
R
yOZ Z[XZyO` m` [TjsP` X` XZj `[aZT[a 
 acm`pbZT[[`P d TOP pe]yO` pmOab`P V
^[ ]_][b]l` ZjdTPb][b X` m 	ObZmZa]bZT[ X`a j TXkm`a dPTs]sZmZab`a d]P P]dd TPb ]Ou
]ObP`a j cbeTX`a `u Zab][b`a X` aOsad]p` pmOab`PZ[l `ab ]mTPa yO` m] Xcb`Pj Z[]bZT[ X`a
_]m`OPa m`a dmOa ]ddPTdPZc`a d TOP p`a d]P]j kbP`a d `Ob

bP` _O pTjj` O[ dPTsmkj ` X`
acm`pbZT[ X` j TXkm` f p` yOZ [TOa d `Pj `b X` dPTd Ta`P O[` j cbeTX` [` [cp`aaZb][b ]OpO[`
pT[[]Zaa][p` ] dPZTPZ X` m] d]Pb X` m 	ObZmZa]b`OP V
STOP bPTO_`P m` j TXkm` yOZ pTPP`ad T[X m` j Z`Ou ]Ou XT[[c`a f T[ pT[aZXkP` XT[p




f dOZa m` j TXkm`
j Z[Zj Za][b m] _]m`OP x ri `ab []m`j `[b pT[a`P_c V i`a XZ cP`[b`a lc[cP]bZT[a X` j TXkm`a
aT[b Z[Xcd `[X][b`a m`a O[`a X`a ]ObP`a f p` yOZ OabZ` m] j Za` `[ O_P` X 	`ucpObZT[a
d]P]mmkm`a d `Pj `bb][b X 	]j cmZTP`P m`a d `PUTPj ][p`a X` m] j cbeTX` V
6 b][b XT[[ca
NB ITER
m` [TjsP` X 	ZbcP]bZT[a X 	O[` cb]d ` X` m] j cbeTX` Z[ Z
bZ]mZa]bZT[ `b TdbZj Za]bZT[ X` j TXkm` f `b
MaxK
m` [TjsP` j ]uZjOj X` pmOab`Pa P`
pe`Ppeca f m 	]mlTPZbej `


`ab []m`j `[b dPca`[bc d]P m 	]mlTPZbej `

; V W b cb][b XT[[c
cl]m`j `[b
MaxR
m` [TjsP` j ]uZjOj X` XZj `[aZT[a d `PbZ[`[b`a ]aaTpZc`a ]Ou pmOa
b`Pa f m 	]mlTPZbej `

`ab mO Z dPca`[bc d]P m 	]mlTPZbej `

V n` [TjsP` X 	ZbcP]bZT[a
NB ITER











m 	ObZmZa]b`OP aTOa UTPj ` X` Pklm`a
Rk
Xc[Z`a d]P O[ j Z[ZjOj X` XZj `[aZT[a d]Pj Z m`a
dmOa d `PbZ[`[b`a V n] pT[abPOpbZT[ X` p`a Pklm`a
Rk
a` U]Zb 
 d]PbZP X` m 	`[a`jsm` X`a
Ts  `ba
Dk
]aaTpZca ]Ou pmOab`Pa V
^[` de]a` dPcmZj Z[]ZP` X` Xcb`pbZT[ XO sPOZb `u Zab][b X][a m`a XT[[c`a `ab XT[p














D = (−→x1, ...,−→xN ) O[ `[a`jsm` X 	Ts  `ba f δ m` a`OZm aOP m`a _]m`OPa aOpp`aaZ_`a
X` m] mTl_P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a f
NB ITER
m` [TjsP`
X 	ZbcP]bZT[a X 	O[` cb]d ` X` m] j cbeTX` f `b
Maxk
m` [TjsP` j ]uZjOj X` pmOab`Pa
P`pe`Ppeca V



























































	84 ,  
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D = (−→x1, ...,−→xN ) O[ `[a`jsm` X 	Ts  `ba f δ m` a`OZm aOP m`a _]m`OPa aOpp`aaZ_`a
X` m] mTl_P]Za`jsm][p` XO j TXkm` d]P P]dd TPb ]Ou XT[[c`a f
NB ITER
m` [TjsP`
X 	ZbcP]bZT[a X 	O[` cb]d ` X` m] j cbeTX` f
Maxk
m` [TjsP` j ]uZjOj X` pmOab`Pa P`pe`P
peca f `b
MaxR
m` [TjsP` j ]uZjOj X` XZj `[aZT[a d `PbZ[`[b`a ]aaT pZc`a ]Ou pmOab`Pa V













































































   	 	 
X`a Ts  `ba [T[ d `PbZ[`[ba d TOP p`a pmOab`Pa f XT[b m] dPca`[p` P`[XP]Zb m`a PcaOmb]ba j TZ[a
pTjdPce`[aZs m`a V
STOP p` U]ZP` f T[ ObZmZa` pm]aaZyO`j `[b m 	eQd Tbeka` yO` m` sPOZb `ab lc[cPc X` U]T[
O[ZUTPj ` aOP m 	`ad]p` X` X`apPZdbZT[ X`a Ts  `ba V STOP Xcb`Pj Z[`P aZ O[ Ts  `b pT[abZbO`
XO sPOZb f m] j cbeTX` pT[aZab` XT[p 
 pTjd]P`P a] dPTs]sZmZbc X 	]dd]Pb`[][p` 
 pe]pO[
X`a pmOab`Pa UTPj ca ]_`p a] dPTs]sZmZbc X 	]dd]Pb`[][p` 
 O[ pmOab`P yOZ a`P]Zb Xc[Z d]P
O[` XZabPZsObZT[ O[ZUTPj ` aOP m 	`[a`jsm` X`a XZj `[aZT[a X` m 	`ad]p` V S]P pT[acyO`[b f
O[ Ts  `b −→xi `ab pT[aZXcPc pTjj` cb][b XO sPOZb aZ R
P (−→xi |θk) < 1 ∀ k ∈ [1,K]
n`a Ts  `ba pT[aZXcPca pTjj` cb][b XO sPOZb aT[b ]mTPa aOddPZj ca X`a `[a`jsm`a
X 	Ts  `ba
Dk
]aaT pZca ]Ou pmOab`Pa V TOa _`PPT[a X][a m] d]PbZ` `ud cPZj `[b]m` X` [Ta
bP]_]Ou dPca`[bc` X][a m` pe]dZbP`  m 	Z[bcP

b X 	O[` b`mm` Xcb`pbZT[ XO sPOZb d TOP m]
dPca`[b]bZT[ X 	O[ PcaOmb]b ]OaaZ d `PbZ[`[b yO` d TaaZs m` V
W[aOZb` f m`a Pklm`a Z[ ZbZ]m`a aT[b UTPj c`a 
 d]PbZP X` p`a [TO_`]Ou `[a`jsm`a X 	Ts  `ba
Dk
R aOP O[` XZj `[aZT[ [Oj cPZyO` f T[ ]aaT pZ` 
 m] Pklm` m 	Z[b`P_]mm` j Z[Zj ]m pT[b`[][b
m 	`[a`jsm` X`a _]m`OPa X`a Ts  `ba X`
Dk
aOP m] XZj `[aZT[   `b aOP O[` XZj `[aZT[ p]
bclTPZ`mm` f [TOa ]_T[a peTZaZ X 	]aaT pZ`P 
 m] Pklm` m] j TX]mZbc m] dmOa UPcyO`[b` d]Pj Z
m 	`[a`jsm` X`a _]m`OPa X`a Ts  `ba X`
Dk
aOP m] XZj `[aZT[   p` peTZu `ab XZapOb]sm` R [TOa
d TOPPZT[a ]aaTpZ`P 
 m] Pklm` m 	O[ZT[ X`a j TX]mZbca dPca`[b`a d]Pj Z m`a j `jsP`a XO pmOa
b`P f TO sZ`[ m 	O[ZT[ X`a j TX]mZbca ]Q][b O[` UPcyO`[p` j Z[Zj ]m` 
 m 	Z[bcPZ`OP XO pmOab`P f
j ]Za ]Z[aZ f m` pT[p`db dPca`[bc aOP O[` XZj `[aZT[ p]bclTPZ`mm` `ab bTOb 
 U]Zb d TPb`OP X`
a`[a d TOP m 	ObZmZa]b`OP R Zm j `b `[ ]_][b m] p]bclTPZ` j ] TPZb]ZP` X][a m` pmOab`P aOP m]
XZj `[aZT[ p]bclTPZ`mm` pT[aZXcPc` V
 TOa dPTd TaT[a X 	] TOb`P `[aOZb` O[` de]a` X` aZjdmZp]bZT[ X` p`a Pklm`a f ][
yO 	`mm`a aTZ`[b XcpPZb`a d]P O[ j Z[ZjOj X 	]bbPZsOba d]Pj Z m`a dmOa d `PbZ[`[ba V n 	`adPZb
`ab ]mTPa m` j

j` yO` X][a m] de]a` X` X`apPZdbZT[ j Z[Zj ]m` X`
/
,-
f a]OU yO 	ZpZ f Zm
a 	]lZb X 	O[ dTabbP]Zb`j `[b f ]mTPa yO` X][a
/
,-
f p`bb` de]a` cb]Zb j `[c` d `[X][b
m 	]ddP`[bZaa]l` V STOP p` U]ZP` f T[ p]mpOm` X 	]s TPX m` aOdd TPb pTOP][b X` m] Pklm` m 	`[
a`jsm` X`a Ts  `ba Z[pmOa X][a m] Pklm` d `Ob

bP` dmOa m]Pl` yO`
Dk
 V SOZa d TOP pe]yO`
pmOab`P
Ck
f T[ aOddPZj ` f X][a m 	TPXP` pPTZaa][b X` m`OP d TZXa
Wkd
f m`a XZj `[aZT[a
d
X`
m] Pklm` aZ m`OP aOddP`aaZT[ [` j TXZ` d]a aT[ aOdd TPb V

Z[aZ f O[ j Z[ZjOj X`a XZj `[
aZT[a d]Pj Z m`a dmOa d `PbZ[`[b`a X` pe]yO` pmOab`P `ab pT[a`P_c V n] lOP`  Vo dPca`[b`






W[[ f p`bb` X`apPZdbZT[ j Z[Zj ]m` X`a pmOab`Pa [TOa XT[[` cl]m`j `[b m] d TaaZs ZmZbc
X` dPTd Ta`P O[` j cbeTX` X` _ZaO]mZa]bZT[ lP]deZyO` X`a PcaOmb]ba yOZ [` aTZb d]a bPTd
pTb`Oa` V n 	ZXc` `ab X` dPTd Ta`P 
 m 	ObZmZa]b`OP O[` _ZaO]mZa]bZT[ `[ X`Ou TO bPTZa XZj `[
aZT[a X`a Pklm`a P`dPca`[b][b m`a pmOab`Pa pZs mca f `[ dPca`[b][b X 	]s TPX m`a dPT `pbZT[a aOP
m`ayO`mm`a m`a XZcP`[p`a `[bP` m`a pmOab`Pa ]dd]P]Zaa`[b _ZaO`mm`j `[b f `b aOP m`ayO`mm`a m`a
ad cpZpZbca X`a XZ cP`[ba pmOab`Pa ]dd]P]Zaa`[b cl]m`j `[b V
STOP p` U]ZP` f [TOa dPT `bT[a XT[p m`a Pklm`a aOP m 	`[a`jsm` X`a pTOdm`a X` XZj `[aZT[a
ObZmZac`a X][a m] Xc[ZbZT[ X`a Pklm`a ]aaT pZc`a ]Ou pmOab`Pa `[a`jsm` yOZ `ab aTO_`[b
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   	 	 
p]mpOmT[a d TOP pe]yO` pTOdm` m` b]Ou
t1
X 	Z[b`Pa`pbZT[ `[bP` m`a Pklm`a dPT `bc`a f `b m` b]Ou
t2
X` T[` pTO_`Pb` d]P ]OpO[` Pklm` dPT `bc` V n`a pTOdm`a X` XZj `[aZT[a d `O_`[b `[aOZb`

bP` TPXT[[ca d]P TPXP` XcpPTZaa][b X`a _]m`OPa
(1−t1)×t2 V n`a pTOdm`a X` XZj `[aZT[a X`
d TZXa j ]uZjOj aT[b ]mTPa p`Ou yOZ pT[abZbO`[b O[ s T[ pTjdPTj Za `[bP` m] acd]P]sZmZbc
pPZbkP`
t1
 `b m] ad cpZpZbc pPZbkP`
t2
 X`a pmOab`Pa dPT `bca aOP p`a XZj `[aZT[a V
   
01(,
\][a p` pe]dZbP` f [TOa ]_T[a j Za `[ ]_][b m 	Z[bcP

b X 	ObZmZa`P X`a j TXkm`a dPTs]sZ
mZab`a X][a m` p]XP` XO aOsad]p` pmOab`PZ[l V W[ d]PbZpOmZ`P f [TOa ]_T[a _O yO` m` dPTsmkj `
XZ pZm` X` m] ad cpZp]bZT[ X`a d]P]j kbP`a Z[ecP`[ba ]Ou j cbeTX`a X` aOsad]p` pmOab`PZ[l
d `Ob

bP` _O pTjj` O[ dPTsmkj ` X` acm`pbZT[ X` j TXkm` X][a O[ p]XP` dPTs]sZmZab` V
n`a d]P]j kbP`a [cp`aa]ZP`a 
 [TbP` j cbeTX` aT[b X`Ou s TP[`a aOd cPZ`OP`a R
MaxK
P`dPca`[b` m` [TjsP` j ]uZjOj X` pmOab`Pa dPca`[ba X][a m`a XT[[c`a f `b
MaxR
P`dPc
a`[b` m` [TjsP` j ]uZjOj X` XZj `[aZT[a d `PbZ[`[b`a ]aaT pZc`a ]Ou pmOab`Pa V n] j cbeTX`
pT[aZab` ]mTPa 
 lc[cP`P O[ `[a`jsm` X` j TXkm`a XT[b m` d]P]j kbP`
K
XO [TjsP` X`




f `b m` d]P]j kbP`
R
XO [TjsP` X` XZj `[aZT[a




V n` j TXkm` m` dmOa ]ddPTdPZc ]Ou XT[[c`a
`ab ]mTPa acm`pbZT[[c `[ ObZmZa][b m` pPZbkP` ab]bZabZyO` xri V
zZ m] j cbeTX` `ab pT[UPT[bc` 
 O[  `O X` XT[[c`a X` d `bZb` b]Zmm` f TO aZ m 	ObZmZa]b`OP [ 	]




f `b ]Z[aZ b`ab`P m 	`[a`jsm` X`a j TXkm`a d TaaZs m`a d TOP P`dPca`[b`P
m`a XT[[c`a V zZ[T[ f O[` d `Pad `pbZ_` X` P`pe`Ppe` Z[bcP`aa][b` X` p`a bP]_]Ou a`P]Zb X`
dPTd Ta`P O[` j cbeTX` ` p]p` d `Pj `bb][b X 	]bb`Z[XP` m] _]m`OP TdbZjOj XO pPZbkP` xri f
ZX`[bZ][b m` [TjsP` X` pmOab`Pa `b m` [TjsP` X` XZj `[aZT[a d `PbZ[`[b`a X`a pmOab`Pa m`a
dmOa ]ddPTdPZca f a][a ]_TZP 
 b`ab`P bTOa m`a j TXkm`a d TaaZs m`a d TOP p`a X`Ou d]P]j kbP`a V
 TOa ]_T[a cl]m`j `[b j T[bPc m 	Z[bcP

b X` aOdd Ta`P yO` m`a XT[[c`a aT[b lc[cPc`a X`
U]T[ Z[Xcd `[X][b` aOP pe]pO[` X`a XZj `[aZT[a V tTOb X 	]s TPX p 	`ab aTOa p`bb` eQd Tbeka`
yO` [TOa ]_T[a dPTd Tac [TbP` [TO_`mm` j cbeTX` X` acm`pbZT[ X`a ]bbPZsOba d `PbZ[`[ba
X`a pmOab`Pa V W[aOZb` p`m] [TOa d `Pj `b X 	]ppcmcP`P m] j cbeTX` `b X` pT[aZXcP`P dmOaZ`OPa
bQd `a X 	]bbPZsOba XZ cP`[ba XcpPZ_][b m`a XT[[c`a V W[[ f p`bb` eQd Tbeka` [TOa d `Pj `b
X` pZs m`P X`a pmOab`Pa yOZ d TOPPT[b `[aOZb`

bP` []bOP`mm`j `[b P`dPca`[bca aTOa UTPj `
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r[bOZbZ_`j `[b f O[` b`mm` P`dPca`[b]bZT[ X`_P]Zb d `Pj `bbP` X` XZ cP`[pZ`P d]P `u`jdm` R

X`Ou `[a`jsm`a X` XTpOj `[ba ObZmZa][b X`a m]s `ma XZ cP`[ba f TO d TOP m`ayO`ma m`
[TjsP` X` p`Pb]Z[a m]s `ma aT[b XZ cP`[ba  

O[ `[a`jsm` X` XTpOj `[ba d TOP m`yO`m O[` P`m]bZT[ XT[[c` d kP` ma TO UPkP`
aOZ_][b `[bP` p`Pb]Z[a m]s `ma `ab d `Pj Za` X 	O[ ]ObP` `[a`jsm` d TOP m`yO`m p`bb`
P`m]bZT[ [ 	`ab d]a d `Pj Za`  

TO sZ`[ O[ `[a`jsm` X` XT pOj `[ba d TOP m`yO`m m` [TjsP` X`  ma X 	O[ [OX XT[[c
`ab XZcP`[b X` p`mO Z X 	O[ ]ObP` `[a`jsm` X` XTpOj `[ba V
n 	ObZmZa]bZT[ X 	O[` b`mm` P`dPca`[b]bZT[ [TOa d `Pj `b ]mTPa X 	]ddmZyO`P XZ cP`[b`a j c
beTX`a `u Zab][b`a p]d]sm`a X` bP]Zb`P X`a XT[[c`a dPca`[bc`a aTOa UTPj ` X 	]bbPZsOba
_]m`OPa d TOP pm]aaZ`P X`a `[a`jsm`a X` XTpOj `[ba qn V  TOa d TO_T[a ]Z[aZ s c[cpZ`P
X`a ]bTOba X` p`a j cbeTX`a V i`d `[X][b f pTjj ` X` [TjsP`Ou ]bbPZsOba aT[b UTPj ca d]P
O[` b`mm` b`pe[ZyO` X` bP][aUTPj ]bZT[ X`a ]PsP`a `[ ]bbPZsOba_]m`OPa f m`a j cbeTX`a X`
pm]aaZp]bZT[ ObZmZac`a `[aOZb` XTZ_`[b

bP` p]d]sm`a X` U]ZP` U]p` 
 X` [TjsP`Ou ]bbPZ
sOba f `b U]ZP` X` m] acm`pbZT[ X 	]bbPZsOba d `[X][b m 	]ddP`[bZaa]l` V \][a m` p]XP` X 	O[




o TO i s TTabc

OZ[m][ f ;;  aT[b ]mTPa
bTOb 
 U]Zb ]ddPTdPZca f X` j

j` yO 	O[ ]mlTPZbej ` X` aOsad]p` pmOab`PZ[l pTjj`

f
dPca`[bc X][a m` pe]dZbP` dPcpcX`[b f X][a O[ p]XP` [T[ aOd `P_Zac V
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S]P ]Zmm`OPa f [TOa d TO_T[a ZpZ dPT b`P X`a pT[[]Zaa][p`a aOddmcj `[b]ZP`a yO` [TOa
d TaacXT[a XO XTj ]Z[` cbOXZc d TOP ]X]db`P

X][a p` p]XP` V W[ ` `b f ]O mZ`O X`
pT[aZXcP`P pTmm`pbZ_`j `[b m 	`[a`jsm` Zjd TPb][b X`a [TO_`]Ou ]bbPZsOba pPcca d TOP P`
dPca`[b`P m`a XT pOj `[ba qn f [TOa d TO_T[a pT[aZXcP`P m`a XZ cP`[ba `[a`jsm`a X 	]bbPZ
sOba Z[Xcd `[X]jj`[b d `[X][b m 	]ddP`[bZaa]l` V wObP` m 	]ppcmcP]bZT[ X` m] j cbeTX` `b
m 	]j cmZTP]bZT[ X` m 	Z[b`PdPcb]bZT[ X`a PcaOmb]ba f p`m] [TOa d `Pj `b X 	c_Zb`P X` pT[aZXcP`P
m 	`[a`jsm` X`a ]bbPZsOba aZjOmb][cj `[b yOZ d `Ob a 	]_cP`P bPka P`XT[X][b V
\ 	]ObP` d]Pb f [TOa aTjj`a pT[UPT[bca X][a p` p]XP` 
 X`a  `Ou X` XT[[c`a bPka Zj 
d TPb][ba p]P p]P]pbcPZaca d]P X` [TjsP`Ou XTpOj `[ba ]Z[aZ yO` X` [TjsP`Ou [TO_`]Ou
]bbPZsOba f yOZ d `O_`[b

bP` acd]Pca `[ X` [TjsP`Ou lPTOd `a XZ cP`[ba V wP U]p` 
 p` bQd `
X`  `Ou X` XT[[c`a f m`a j cbeTX`a X` pmOab`PZ[l ab]bZabZyO` d `O_`[b [cp`aaZb`P X` [Tj 
sP`Oa`a cb]d `a ]_][b X` pT[_`Pl`P V

[ X 	]ppcmcP`P m] j cbeTX` bTOb `[ pT[a`P_][b X`a
PcaOmb]ba Z[b`PdPcb]sm`a f [TOa dPTd TaT[a X` pTjsZ[`P

]_`p O[` j cbeTX` eZcP]P
peZyO` X`ap`[X][b` V

`ab ]mTPa ObZmZac PcpOPaZ_`j `[b d TOP XZ_Za`P m`a pmOab`Pa Xc 

UTPj ca `[ X`Ou V
v Z[]m`j `[b f [TbP` dPTd TaZbZT[ pT[aZab` XT[p 
 ]X]db`P












X` XT[[c`a aTZb XZ_ Zac `[ X`Ou X` U]T[ PcpOPaZ_` `b a`mT[ O[ `[a`jsm` XT[[c X 	]bbPZsOba
]aaT pZc ]Ou ]PsP`a V

Z[aZ f 
 pe]yO` cb]d ` f a`Om` O[` d]PbZ` X`a ]bbPZsOba f O[` d]PbZ` X`
dmOa `[ dmOa PcXOZb` X`a Ts  `ba f `b O[` d]PbZbZT[ `[ X`Ou X` p`a Ts  `ba aOP p`a ]bbPZsOba
aT[b pT[aZXcPca f `b m] aTPbZ` X` m] j cbeTX` `ab ]mTPa O[ ]PsP` X` XcpZaZT[ X][a m`yO`m
pe]yO` [OX P`dPca`[b` O[ b`ab aOP O[ `[a`jsm` P`abP`Z[b X 	]bbPZsOba V

_][b X` XT[[`P dmOa X` Xcb]Zma aOP m] dPT pcXOP` X` pmOab`PZ[l dPTd Tac` f Z[bPTXOZaT[a
yO`myO`a [Tb]bZT[a V
A
Xc[Tb` m 	`[a`jsm` X`a ]bbPZsOba d TaaZs m`a ]aaT pZca ]Ou XT pOj `[ba









m 	`[a`jsm` X`a m]s `ma dPca`[ba X][a m`a XTpOj `[ba qn f
 A2
`ab m 	`[a`jsm` X`a P`m]bZT[a d kP` ma dPca`[ba X][a m`a ]PsP`a f
 A3
`ab m 	`[a`jsm` X`a P`m]bZT[a UPkP`aaOZ_][b f
 A4




`ab m 	`[a`jsm` X`a pe`j Z[a Xcj ]PP][b X` m] P]pZ[` V
A
`ab XT[p pTjd Tac X`
SA = 5
`[a`jsm`a X 	]bbPZsOba V W[[ f [TOa [TbT[a
Cut(Ck, Ai)
m` d]PbZbZT[[`j `[b `[ X`Ou XO  `O X` XT[[c`a pTjdTac X`a XT pOj `[ba Z[pmOa X][a m`
pmOab`P
Ck
`b bP][aUTPj ca ]_`p m 	`[a`jsm` X`a ]bbPZsOba
Ai
f `[ ObZmZa][b m 	]mlTPZbej `

Z[ab][pZc d TOP P`pe`Ppe`P X`Ou pmOab`Pa V
n`a cb]d `a dPZ[pZd]m`a X` [TbP` [TO_`mm` j cbeTX` X` pmOab`PZ[l aT[b dPca`[bc`a d]P
m 	]mlTPZbej `

 V W mm` pT[aZab` 
 peTZaZP 
 pe]yO` cb]d ` m] XZ_ ZaZT[ X 	Z[bcP

b j ]uZjOj
d]Pj Z m 	`[a`jsm` X`a XZ_ZaZT[a d TaaZs m`a X`a pmOab`Pa pTOP][ba
Ck
d TOP
k ∈ [1,K] aOP m`a
`[a`jsm`a X 	]bbPZsOba d TaaZs m`a
Ai ∈ A f OayO 	
 p` yO` m` [TjsP` ]bb`[XO X` pmOab`Pa
aTZb ]bb`Z[b V n 	Z[bcP

b X` d]PbZbZT[[`P m`a cmcj `[ba X 	O[ pmOab`P
Ck
aOP m`a ]bbPZsOba X`
Ai
`ab c_]mOc d]P m` P]dd TPb `[bP` m] mTl_P]Za`jsm][p` X 	O[` d]PbZbZT[ ]_`p X`Ou pmOab`Pa
`b m] mTl_P]Za`jsm][p` X 	O[` d]PbZbZT[ ]_`p O[ a`Om pmOab`P f d T[XcPc d]P m` [TjsP` X`
j `jsP`a XO pmOab`P
Ck
d TOP dPcUcP`P m`a XZ_ ZaZT[a X`a pmOab`Pa pT[b`[][b X]_][b]l` X`
XTpOj `[ba V n] aTPbZ` X` m] dPT pcXOP` `ab ]mTPa O[ ]PsP` X` XcpZaZT[ X][a m`yO`m pe]yO`
[OX pTPP`ad T[X 
 O[ b`ab X 	]dd]Pb`[][p` 
 O[` Pklm` f pPcc` pTjj` dPca`[bc` X][a m]
a`pbZT[  V f `b Xc[Z` d]P O[ j Z[ZjOj X 	]bbPZsOba d TaaZs m` V
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 dPca`[b`P X`a PcaOmb]ba pTjdPce`[aZs m`a f
[TOa dPTd TaT[a j ]Z[b`[][b X` m 	]X]db`P d TOP m] pm]aaZp]bZT[ aOd `P_Zac` X` XT pOj `[ba
qn V n] [TO_`mm` j cbeTX` `ab ]mTPa pTjd Tac` X` X`Ou cb]d `a dPZ[pZd]m`a R O[` dP`j ZkP`
cb]d ` yOZ ]lZb pTjj ` O[ pmOab`PZ[l j ]Za ObZmZa` m`a pm]aa`a pT[[O`a X`a Ts  `ba f `b O[`
X`OuZkj ` cb]d ` pTjdmkb`j `[b lOZXc` d]P m`a pm]aa`a V n] aTPbZ` X` m] j cbeTX` `ab ]mTPa
O[ ]PsP` X` XcpZaZT[ pT[abPOZb X` j ][ZkP` 


bP` ]OaaZ pTjdPce`[aZs m` yO` d TaaZs m` V
n] dP`j ZkP` cb]d ` `ab XcpPZb` d]P m 	]mlTPZbej `

o `b pT[aZab` `[ O[` de]a` X` pmOab`
PZ[l yOZ ]ObTPZa` m] dPca`[p` X` dmOaZ`OPa pm]aa`a X][a O[ j

j` pmOab`P j ]Za [` d `Pj `b
d]a yO 	O[` pm]aa` aTZb acd]Pc` X][a XZcP`[ba pmOab`Pa V 	 p`bb` cb]d ` f [TOa dPcUcPT[a
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m 	]PsP` X` XcpZaZT[
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nb clus− 1 b`aba V
yO` X` pTjd]P`P m 	Z[bcP

b X` dmOaZ`OPa XZ_ZaZT[a d TaaZs m`a pTjj ` Zm `ab U]Zb `[ pmOab`PZ[l V
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j` P]ZaT[[`j `[b a`P] ObZmZac 
 m 	cb]d ` aOZ_][b` V
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
 V W mm` dP`[X `[
`[bPc` m] aTPbZ` X` m 	cb]d ` dPcpcX`[b` `b pT[aZab` 
 acd]P`P m`a `u`jdm`a X` pm]aa`a XZ c
P`[b`a yOZ aT[b `[pTP` Z[pmOa X][a m`a j

j`a pmOab`Pa V W mm` `ab `mm`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j` pTjdTac` X`
X`Ou cb]d `a R m] dP`j ZkP` `aa]Q` X 	ObZmZa`P X`a Pklm`a d TOP XZabZ[lO`P m`a pm]aa`a f X][a
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bP` m` dmOa pTjdPce`[aZs m` d TaaZs m` f b][XZa yO` m] a`pT[X` cb]d ` ObZmZa` X`a
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X` acd]P]bZT[ dmOa pTjdm`u`a V
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V zZ O[` Pklm` `ab bPTO_c` yOZ `ab p]d]sm` X` XZabZ[lO`P O[` pm]aa` X`a ]ObP`a f ]mTPa
p`bb` Pklm` `ab ObZmZac` pTjj` b`ab aOZ_][b X][a m 	]PsP` X` XcpZaZT[ V iTjj` [TOa
m 	]_T[a `udmZyOc dPcpcX`jj`[b f O[` XZ_ZaZT[ `ab `ucpObc` Xka yO` d TaaZs m` V
 V SOZa aZ ]OpO[` Pklm` p]d]sm` X` XZabZ[lO`P O[` pm]aa` X`a ]ObP`a X][a O[ pmOab`P
XT[[c [ 	] cbc bPTO_c` f ]mTPa [TOa b`abT[a m 	`PP`OP `[ _]mZX]bZT[ pPTZac` X` j TXkm`a
dPTs]sZmZab`a lc[cPca aOP pe]yO` `[a`jsm` d TaaZs m` X 	]bbPZsOba X`
A
f `b p`mO Z yOZ
] j `[c ]O b]Ou X 	`PP`OP m` dmOa U]Zs m` `ab acm`pbZT[[c pTjj` b`ab aOZ_][b X][a
m 	]PsP` X` XcpZaZT[ V
\ ][a m 	]PsP` X` XcpZaZT[ []m f m`a b`aba aOP pe]yO` [OX d `O_`[b XT[p

bP` X` X`Ou
[]bOP`a XZcP`[b`a R Zma d `O_`[b pTPP`ad T[XP` 
 O[ b`ab X 	]dd]Pb`[][p` 
 O[` Pklm` f TO
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 O[ b`ab dPTs]sZmZab` aOP X`a j TXkm`a dPTs]sZmZab`a V ie]pO[ X` p`a b`aba `ab `ucpObc
aOP a`Om`j `[b O[ `[a`jsm` X 	]bbPZsOba 
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K = K + 1
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i ∈ [1, SA] 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\` j ][ZkP` lc[cP]m` f bTOb` j cbeTX` d `Ob

bP` ]X]dbc` mTPayO` m 	T[ dTaakX` p`Pb]Z[`a
pT[[]Zaa][p`a aOddmcj `[b]ZP`a aOP O[ XTj ]Z[` d]PbZpOmZ`P V \ ][a m` p]a X 	O[ ]ddP`[bZa
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bP` P`dPca`[bc`
d]P O[` O[ZyO` XZabPZsObZT[ f ]mTPa d]Pj Z m`a j TXkm`a d TaaZs m`a yO` [TOa ]_T[a dPca`[bca
X][a m] dP`j ZkP` a`pbZT[ X` p` pe]dZbP` f p 	`ab m` dP`j Z`P j TXkm` yOZ a`P] ObZmZac V W[
dP]bZyO` f dOZayO 	Zm `ab P]P` X` d TaacX`P X` b`mm`a Z[UTPj ]bZT[a f p 	`ab aTO_`[b m` j TXkm` m`
dmOa aZjdm` yOZ `ab X 	]s TPX pT[aZXcPc f dOZa X`a j TXkm`a X` dmOa `[ dmOa pTjdm`u`a b][b
yO` m`a PcaOmb]ba [` aT[b d]a Olca a]bZaU]Za][ba V ^[` ]ObP` j cbeTX` cbOXZc` X][a
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xZ`P
[]p Z ][X hT_]`Pb f
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 b`ab`P O[ `[a`jsm` X` j TXkm`a d TaaZs m`a `b 
 ObZmZa`P
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X][a m` pe]dZbP` aOZ_][b pT[p`P[][b [Ta `ud cPZj `[b]bZT[a m 	Z[bcP

b X 	ObZmZa`P m] pT[[]Za
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d `Pb` X 	Z[UTPj ]bZT[ f [TOa _`PPT[a yO 	`mm` d `Pj `b X 	Tsb`[ZP X` bPka s T[a PcaOmb]ba `[ dP]
bZyO` V TOa d TOPPT[a cl]m`j `[b Tsa`P_`P m 	Z[bcP

b X`a ]X]db]bZT[a X`
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yO` [TOa
]_T[a dPTd Tac`a X][a m 	Ts  `pbZU X` UTOP[ZP O[ PcaOmb]b pTjdPce`[aZs m` 
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Pik × dist(−→xi ,−→µk)




























ﬁ ﬁ ﬃ" 4 ﬁ # 
Q2(P ) =
∑K
k=1Nk × (Nk − 1)×Diam(Ck)2∑K
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